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1. Using the Principle of Mathemati;cal Induction, prove that 77 —1 is divisible by 6 for all n € z* |

2. Sketch the graphs of y=|x—3|+1 and- y=5—‘|xl1-in the same diagram.
Hence, find the area of the rectangular region enclosed»by these graphs.

' J
[see page three
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3. Shade in an Argand diagram the region consisting of points that represent the complex numbers
z satisfying the i l<2 and O<Arg(z+2\/_)<g :
Find the greatest Value of |Z| for the complex numbers z represented by the pomts in thls shaded
region.

swas oo :

-/
[see page four
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) ) x—3-1 .
5. Show that lim ( )sm( x—2);l,.
’ x—>4 8

R R R R R T T T T T T P
...........................................................................................................................
..............................................................................................................................
............................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

6. The region enclosed by the curves y= , =0, x=1 and x= 2 is rotated about the

x 34— x*

x-axis through 27z radians. Show that the volume of the solid thus generated is ﬂ(\/§ —1).

..............................................................................................................................
R R R R i I I T I T T N T T T T R I T Tty
R R R R R R R I O R T I P R R L T R T P

_ _ -
[see page five
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7. Let C be the curve given parametncally by x=Int and y= ¢ + fln ¢ for t> O
Show that a =t +Int+1).

If the tangent drawn to the curve C at the point correspondmg to t=1, passes through the pomt
(1, a), show that a =1+ 2e. , . -

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
LR R N R R I N R R R e R R R R R R R R R R R I T I Iy
...........................................................................................................................
PR R R R R R I I R T T O T
.............................................................................................................................
...........................................................................................................................
............................................................................................................................

8. Find the equations of the two straight lines passing through the point A= -1,2) havmg a
perpendicular distance of 1 from the origin.

ER R R R R R R R R R T T T T P
............................................................................................................................
D R R R R R R N R I I T T A I
................................................................................................................................
D R R R R T R R P L T T

[see page six
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9. Let A=(-1,1) and B=(3, 3) Write down the equation of the circle S with 4B as a diameter.
Show that the c1rcle x2+y? — Ay — -5y +9 =0 touches the circle § mternally at B.

4

" |10, Show that COt, o + co,t. 4 =4cosec 26.
1+sin@ 1-siné

cotd cotd
1+sind 1-siné@

Hence, solve =8cos 20.

* % : : [see page seven
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Part B .

% Answer five questions only.

11. (a) Let f(x) = x>+ 2x +c, where ¢ € R.

It is given that the equation f{x) =0 has two real distinct roots. Show that ¢ < 1.
Let a and B be the roots of f(x) = 0.

Show that a?+ B2 = 4—2c.

Let ¢#0 and A € R. The quadratic equation with 05+i and ﬂ+7§ as its roots is.
2x*+12x+1 = 0. Find the values of ¢ and A.

(b) Let f(x) =x°+px®+gx +p, where p, ¢ € R. The remainder when f(x) is divided by (x—2) is
36 more than the remainder when f(x) is divided by (x—1). Show that 3p+g = 29.

It is also given that (x +1) is a factor of f(x). Show that p =6 and g = 11, and factorize f(x)
completely.

Hence, solve f(x) =3(x +2).

12.(a) The parents of a family decide to invite 6 out of 15 of their close relatives for a dinner. While
the father has 5 close female relat1ves and 3 close male relatives, the mother has 3 close female.
relatives and 4 close male relatives.

Find the number of different ways in which

(1) the father can invite 3 of his close female relatives and the mother can invite 3 of her
close male relatives, ‘

(i) the father can invite 3 of his close relatives and the mother can 1nv1te 3 of her close
relatives so that 3 males and 3 females -are invited. g

J
[see page eight
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_ 1 N +
’ (b) Let {]r—m aIld',V f(r)—r(r'——l—Z) forf?_Z. »

uo__ 11
9% 4n+D(n+3) 4n+2)n+4)

Hence, show that Z U, = for n € Z".
i r=1

Show further that the infinite series Z U, is convergeht and find its sum.

r=1

_11

Find the value of the real constant m such that lim Z (mU, +Un+1_,)—§.

n—>0
r=1

1 2 -1 0 a b .
13.(a) Let o, b€ R, A= and B = -|..Jt is given that 2A + B =
3 a 2 3 b a

Show that ¢ =0 and b = 5.
With these values for a and b, let C = ABT.
Find C and write down CL.

1 0
Find the matrix D such that DC = (O ’ 2) .

(b) Let z,, z, € €. Show that
() z+z,=7+7%,
i) zz, =77,
— 2
(111)_ zz #|zl‘

Zy 2y
zZ+ 2,

Trzz, is real, then izzl =1.

(¢) Express J3 +i is the form r(cos @ + isin 8), where r> 0 and 0 << %
24

(\/§+z') '

Using De Moivre’s theorem, show -that m—— =11,
271+

.

Determine the value of the real constant 4 such that f(r) — fr+2) =AU, for r€ Z".

2 4 3
9 5 4)

Using the result that (i)=é for z, # 0, show that- if lz_1| =1 and z, # 1, and also if

J
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14.(a) Let f(x)——(—% for x€ R —»{l, 2},7 where p, g € R. It is given that the graph of |

y =f(x) has a stationary point at (0, 1). Show that p =-3 and ¢ =2.

x(?;x"4)
o -Dx=2)°
for x # 1, 2, and find the mtervals on Wthh fx) is decreasmg and the intervals on which f (x)
is increasing.

For these Values of p and g, show that f'(x), the derivative of /' (x), s given by f'(x )

Sketch the graph of y = f(x) indicating the asymptotes and the turning points.

Hence, find the number of real solutions to the equation x2(x— 1) x—2)=2-3x.

(b) A cylinder with a top and a bottom is made to have a volume of 1024z cm?®. Let » cm be:
the radius of the cylinder. Show that the total surface area S cm? of the cylinder is given by

S=2r (1034 )forr>0. - ,

Show that S is minimum when » = 8.

15.(a) Find the values of the real constants 4 and B such that 32+4 = A2 — 2t+4) + Bi(r + 1) for
all 7 € R.
3 +4

Henece or otherwise, find 5
E+D(@E"-2t+4)

1,

\/x+ 2»

(b) Using the substitution u = x+ vx2+3, show that

1

Let J= J Vx* +3 dx. Using integration by parts, show that 2J =2 + J 3 dx.
x> +3
0
Deduce that J =1+ % In3.
(¢) Using the formula J f (x)dx=-j fla—x)dx, where a is a consfant, show that

[ (s e u(3)

Cosx +sin x 8 \2)°
0

~ [see page ten
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16. Let A =(1, 2) and B=(a, b), where a, b € R. It is given that the perpendicular bisector / of the
line segment 4B has the equation x+y—4 = 0. Find the values of ¢ and b.
Let C=(3, 1). Show that the point C lies on the line I and find 'ACA’B
Let S be the circle through the pomts A, B and C. Show that the centre of S is glven by (163 1_61)
and find ‘the equation of S. : : » ,

Hence, find the equation of the circle passing through the points 4, B and the ‘poiht D=(0, 3). I

17.(a) Express 6cos2x—8sin2x in the form Rcos(2x +a), where R>0 and 0 <a < %

7 Hence, solve 6cos2x — 8sin2x = 5.

Express 24cos?x—32sinxcosx in the form acos2x+bsin2x+ ¢, where ab,c (€ R) are
constarnits to be determined.

Deduce the minimum value of 24cos2x —32sinxcosx.

®) - 4

D 2p cC »p B

In the triangle ABC shown in the figure, BC = p, BAC =Z and ABC =o. The pomt D lies

on the extended line BC such that CD = 2p. 4
Show that AB = p(cos a + sina).

Find 4D? in terms of p and a.

Deduce that if 4D = 3p, then o = tan™!(5).

&

(¢) Solve the equation tan™'(x-+1)+tan™"(x—1)=sin™" ( 2

ats \ 7]
A W e

e - S - 5 - s - 5 . ; ,. J
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Part A

1. A particle 4 of mass 2m and a partlcle B of mass m moving on a smooth hor1zonta1 table along
the same straight line towards each other with speeds u and 3u respectively, collide directly. After
the collision 4 and B move in opposite d1rect1ons The coeﬂﬁment of rest1tut10n between 4 and

B is e. Show that e>%

2. A particle is projected from a point O on a horizontal ground, with an
initial speed u at an angle 6 (0 <0 <% to the horizontal. The particle

hits a vertical wall which is at a horizontal distance / from O at a
height /2 (> 0) from the ground (see the figure).

Show that %#= ltan@—zisec ¢ and deduce that s1n29>—l
U

O S T R R R ]
R I R T N T R R E R
D L L R E e T R I e R R R R R S R LR R R RIS )
e L L L R R e RS
Rl L R R R R N B R T R R L R R R R R R XY
T B I R R L R R R R N R LR R R R
...........................................................................................................................

v
[see page three
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3. A particle P of mass m lies on a rough inclined plane whose
inclination to the horizontal is 30°. Particle P is connected, by a
light inextensible string passing over a fixed smooth pulley at the
top of the inclined plane, to a particle O of mass 4m which is
free to move vertically (see the figure). The part of the string on
the inclined plane lies along a line of greatest slope of the plane.

The coefficient of friction between P and the plane is % The system is released from rest with

the string taut. It is given that P moves up the inclined plane. Obtain equations sufficient to
determine the tension of the string.

............................................................................................................................
............................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
T R R R R R R R RN

4. A car of mass M kg travels along a horizontal straight road with its engine Working at a constant
power of P W. There is a constant resistance of R N to the motion of the car. Find the acceleration
of the car at the instant when its speed is u ms™. ’

Now, the car travels at a constant speed up a straight road that is inclined at an angle 6| 0< 6 <£j

to the horizontal. Find this constant speed if the car is subjected to the same resistance R N and
have the same power P W.

.................................................................................................................................
2 T T R I R R R R R R R R R R
T T T T T R R R R R R R R R R R R R R R RN
S T R L R L e N R R S R LR R R
T L LR R R R R R e R R R R N R I
S T L R T R R R LR RS B R
e aa e s us s e s s s e s e et e s pee e ues eie s e e sieTa 8 ee 4 M 8% N e B & el e & 8 Be e h AT ETa eie Bt @ 476 5w e 08 4700 @ HBA e ¥ oo s EWETH LI B NINIS 0 SN0 RN A B0 S
P L R R R R R R R R I R R R R R R R R E R R
e R T I R R R R R R R R R

e vy
[see page four
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5. A particle P of mass 2m is connected to two fixed points 4 and 4

B lying on a vertical line by two light inextensible strings each of :
length /. The particle P moves in a horizontal circle with a constant r
angular velocity w with both strings taut and making an angle 0 '
(0<0<12z—) to the vertical, as shown in the figure. <§'_—_ _____ E:::::_E: P
Show that the tension in the string AP is m(lw® + gsec ). @ :

6. Letwu and v be two unit vectors such thatu.v = % .Also,leta=gu+vandb =u+ fv,wherea, f € R.

If the vectors a and b are perpendicular, and a + b is parallel to u, find the values of o and .

S
[see page five ~
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7. A uniform rod 4B of length 4a and weight W is kept in equilibrium with
its upper end B against a smooth vertical wall and the lower end 4 on
a smooth plane inclined at 30° to the horizontal by applying a horizontal
force P to the rod at the point C, where AC = a. The rod is inclined at
30° to the inclined plane, as shown in the figure. Find the value of P.

8. Two particles 4 and B of masses m and 2m respectively, are placed on
a plane inclined at an angle Z {0 the horizontal and are connected by a
light inextensible string and kept in equilibrium by a force P applied to 4,
as shown in the figure. The line of action of P and the string lie along a
line of greatest slope of the plane. The particle 4 lies on the rough part
of the plane and the particle B lies on the smooth part of the plane. The
coefficient of friction between 4 and the plane is l

Show that 2|x/§P—3mg‘ < mg.

[see page six
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9. Let 4 and B be two events of a sample space Q It is given that P(4) =
PB|A4) = Flnd P(B) and P(A UB).

, PA|B)=—= and

10. The median, the mode and the mean of the following seven observations, arranged in the ascending
order, are 5, 7 and 5 respectively:

1,3,4,p,q71 s
Here p, g, r and s are real numbers.

Find the values of p, ¢, r and s, and show that the variance of the seven observations is %

............................................................................................................................

# ¥ [see page seven
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Part B

% Answer five questions only.

11 (@)

()

12.(a)

‘face containing EF of the wedge ¥ of mass M, is placed

(In this question paper, g denotes the acceleration due to grav1ty)

A car P that begins its journey from rest on a straight road from a point O at time = O S,

‘moves with a constant acceleration of fms? for 5 seconds. It then moves with the constant

speed attained at =35 s for another 5 seconds and at #=10 s decelerates at a constant deceleration
of fms? and comes to rest at a point 4. The car P then changes its direction instantly and
returns towards O with the same constant acceleration of fm s on the same road.

Another car O that begins its journey with an initial speed of 10fms™ from the point O at
1=10s, moves towards car P with a constant deceleration of fm s2 along the same road. It
is given that the distance between P and Q when P comes to rest at 4, ié 125 m. Sketch
velocity-time graphs for the motions of P and Q from =0 s until they meet, in the same dlagram

Show that

1) =10,
(it) cars P and Q meet at t=17.5s.

Three boats P, Q and R are moving in straight-line paths o R

with uniform speeds. At a certain instant, the boat Q is

located 450 m east of the boat P and the boat R is located 20043 m
200+/3 metres north of the boat O (See the figure). The ’
boat P sails with the intention of meeting: the boat 0 - 450 m

and the boat Q sails with the intention of meeting the p 0

boat R. .
It is given that the boat P meets the boat Q in 45 seconds and the boat Q meets the boat R
in 20 seconds.

Show that the speed of the boat P relative to the boat Q is 10 ms™, and find the distance
between the boat P and the boat R at the instant when the boat O meets the boat R.

The vertical cross-section through the centres of mass
of two smooth uniform wedges X, ¥ and a particle-P is
shown in the figure. AC, DE and EF are lines of greatest
slope of the faces containing them with BAC=a and
DEF = B (<a). The face containing AB of the wedge X
of mass M, is placed on a smooth horizontal. table. The

on the face of X containing AC. The particle P of mass m

is placed on DE. The system is released from rest. Write 4 . ) - B

~down equations sufficient to determine the acceleration

of the wedge X, while the wedge Y moves with its face containing EF touching the face of |
the wedge X containing AC and the particle P moves touching DE.

[see page eight
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(b) The vertical cross-section perpendicular -to the horizontal axis of
a fixed hollow right-circular cylinder of radius a with a smooth
inner surface is shown in the adj‘oining figure.

The point O is its centre, and A and B are the ends of its .
horizontal diameter. A particle P of mass m is projected in the
vertically downward direction from 4 on the inner surface of-the . -
cylinder with speed u. Let v be the speed of P when OP has
turned through an angle 6 with P is in contact with the cyhnder
"Show that v* = u? + 2gasin 6. , ; L c ,
It is given that P leaves the inner surface of the cyllnder When 9 1z . Show that u = i‘% .
6 ~ 2

13. One end of a light elastic string of natural length a is attached to a fixed point O and the other
~end to a particle P of mass m, and P has been set to vertical motion. When it is moving vertically
-.downward, it passes through the point 4 below O, where O4 = a, its speed is \/Zz— The particle
~comes to 1nstantaneous rest at point B, 3a below- O. Show that the modulus of elasticity of the

o string is —3—mg '

Also, show that the-equation of motion of P is given by ¥ +w ( 5?) =0, where OP-= x for

x>a and o (>0).is a constant to be determined.

‘Re-write the above equation of motion by taking X = x_S?a

“Find the centre, amphtude and the period of this simple harmonic motlon of the partlcle
Using the formula X = = ¥ C?-X?), where C is the amplitude, find the maximum speed of P.
On its way up, show that P barely reaches O.

Show that the total time taken by P to move from B to O is 227a (27r+3\/_ )

If the above simple harmonic motion is initiated by pulhng P down and releasing, state how far
the string must be pulled from its natural length.

14.(a) Let OABC be a parallelogram w1th 04 = a OC 2a and AOC—? Also, let u and v be the
unit Vectors in the directions of OA and OC respectlvely
Show that OD = %au + 2av, where D is the mid-point of BC.
Let E be the point on AB such that OD is perpendicular to DE.
Show thatD?=%u—%v. o N :
. Let F be the point of intersection of- the‘ﬂ extendedr hnes QA and DE. Show that E = lzqu
(b) Let ABCD be a trapezium with 4B parallel to

DC, ABC—E BAD—g and AD = DC =.a:

The points E. and 'F are on AB such that = i

AED AFC = —5 (See the ﬁgure) Forces: E

of magnitude P, aP, P and yP act along, I

AB, BC, DC and A4D respectively, in the 4 E F : B
directions indicated by the order of the letters. It is given that the resultant force of these is
of magnitude J7P, and it passes through the- pomts E and C in the sense from E to C. Find
the values of a, f and ¥. ~ '

Now, a couple is added to the system such that the hne of action of the resultant of the new
systern passes through the pomt F. Find the moment of the couple added.

. i S
ee page nine
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15.(a) Three uniform rods 4B, BC and CD of equal length 4a and
equal weight W are smoothly jointed at the end points B and C.
The end A4 is smoothly hinged to a fixed point. The three rods
are kept in equilibrium in a vertical plane by placing the rods
on three smooth pegs F, F and G such that AF = CF = DG = a,
ABD = 60°, CBD =30°, and BD is vertical as shown in the
figure.
Show that
(i) the magnitude of the reaction exerted on the rod CD by the
7 peg G is % and 7
(ii) the magnitude of the reaction exerted on the rod BC by
» 1w
the peg F is 5

Also, find the reaction exerted on the rod BC by the rod 4B at the joint B.

(b) The framework shown in the figure consists of C

five light rods 4B, BC, CA, CD and DB that are
smoothly jointed at their ends. It is given that
AB=BC=CA=2a, CBD = 90° and BCD = 60°.
A load W is suspended at the joint D and the
framework is smoothly hinged to a fixed point at
A and kept in equilibrium in a vertical plane
with 4B horizontal, by a force P applied
vertically upwards to it at the joint B.

(1) Find the value of P.

(ii) Draw a stress diagram using Bow’s notation for the joints D, C and B.

Hence, find the stresses in the rods, stating whether they are tensions or thrusts.

distance %h from the centre of its base.

A hemispherical portion of radius ¢ and centre O is carved out from
a uniform Solid hemisphere of radius 2a, centre O and density p. Now,
a uniform solid right circular cone of base radius 2a and height 2a with
density Ap is rigidly fixed to the remaining portion of the hemisphere, as
shown in the adjoining figure. Show that the centre of mass of the body

@8A+15T)  from P, where P s the

S thus formed, lies at a distance 84iT)

vertex of the solid cone of S.

Find the value of A such that the céntre of mass of S, lies at O.
Now, suppose that A has this value.

Let O be the point at which the extended line PO meets the outer
hemispherical surface of S. Also, let 4 be a point of the circular edge of S.
The body S is kept in equilibrium -against a rough vertical wall by means
of a light inextensible string with one end attached to the point 4 and other
end to a fixed point B on the vertical wall. In the equilibrium position,
the outer hemispherical surface of S touches the wall at the point Q. The
points O, A, B, P and Q lie on a vertical plane perpendicular to the wall
(see the adjoining figure). Show that u > 1, where u is the coefficient of

friction between the outer hemispherical surface of S and the wall.

P

16. Show that the centre of mass of a uniform solid hemisphere of radius a is at a distance %a
from its centre and the centre of mass of a uniform solid right-circular cone of height % is at a

):

[see page ten
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17.(a) A box B, contains 2 white balls and 3 black balls which are identical in all aspects except
for their colours 3 balls are transferred at random from box B, into an empty box ‘B,. Then
a ball is drawn at random from box B,.

Find the probability that
- (D) the ball drawn from box B, is white,

(i1) 2 white balls and 1 black ball are transferred from box B, into box B,, given that the
drawn ball from box B, is white.

(b) The times taken to solve a puzzle by 20 students were coded by subtracting 10 from each of
the times and then dividing by 2.

The frequency distribution of the coded data with 2 missing frequencies is given below:

(;Odef.l times frequency
(in minutes)
0-2 2
24 A
4-6 9
68 />
810 1

Estimated mean for the coded times is given to be 4.4 minutes. Show that fi=6and f, =
Estimate the standard deviation and the mode of the coded times.

Now, estimate the mean, the standard deviation and the mode of the actual times taken to solve
the puzzle.

N S
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