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Part A

‘1. Let F —1+2] + ok, where a € R. A couple comprises of the force F acting along the line
r=dai+j+A®i+2j+ak) and the force —F acting along the line r=i+bj+k+ u@i+2j+ k),
where a, b € R. If the vector moment of the couple is i—j +k, find the values of a,a and b.

2. Relative to a fixed origin O, the posmon vectors of" thre pomts A; B and C are 2i+j+k,

i—2j+kand 2i—j—Kk, respectlvely Find 4B XAC and heﬁce find a umt vector perpendicular
to the plane containing 4, B and C.

[see page three
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3. A uniform solid right circular cylinder of radius a, height 4 and density © floats partially immersed
in a homogeneous liquid of density 20 with its axis vertical. It is given that the immersed fheight
of the cylinder is a. Show that A=2a. :

Also, find the force that should be applied vertically at the centre of the upper edge of the

cylinder so that the immersed height of the cylinder is 370[.

4 The velocity vector of a particle P at time ¢ is given by v(t) (smt+cos t)1+ (Z+t2)J +é k':ﬁ{ f

= ~N

is also given that at 7 = 0, the position vector of P is equal to the acceleration vector of P. Find-
the position vector of P at time . ‘

P R R N O e O R R R
T I R R I I R P NI R R e T I
...........................................................................................................................
...........................................................................................................................
T T T I T S P I R R R L R R R R R E R R T RPN
-
............................................................................................................................
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5. A smooth sphere P of mass m, moving at speed u, collides
with an identical sphere ( which is initially at rest. .
Immediately before the collision, the velocity of P makes
an angle @ with the line of centres. Immediately after the
collision, the velocity of P makes an angle ¢ with the line
of centres (see the figure). The coefficient of restitution

between the spheres is e(e<1). Show that tang = 21t aneH

.+ A uniform solid right 01rcular cylmder of mass M has radlus 4a ‘
;T‘and height 6a It i is given that the moment of inertia of. the cyhnder
;—about an axis: through the centre of mass perpendlcular to.the axis of
" the cylmder is 7TMz2. The cylinder can rotate ‘about a fixed smooth
horizontal axis through a point 4 on the circumference of one end of
the cylinder. The axis of rotation is tangential to this circumference.
The cylinder is held at rest with axis of the cylinder horizontal and
at a height 4a above the point 4 (see the figure). Show that, if the
Hcyhnder is released the angular speed at the instant When the axis of

the cyhnder is vertlcaI s —7—

D E  F TR I L RN PERRSERRE LS LS AR A SRS
T e R R R R R R TR A SRR A AR AR A R LA R A R AR S A A i

[see page five
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7. A student randomly guesses answers to a multiple choice question paper. Each questlon has five

choices, of which only one choice is correct. Assume that the student’s cho1ce for a question is
independent of his choice for any other question.

Calculate the probability that
(i) answers to the first three questions are all correct.
(i) at most two of the answers to the first three questions are correct.

8. The lifetime of a certain machine- follows an’ eXpoiieﬁtial ~‘djs;’cr'ribu‘[:‘i(")'n. The probability that the |
machine does not fail during the first year of operation is 0.7. Find the probabﬂity that the
machine will operate without failure for more than two years. '

Given that the machine has not failed during its first year of operation, find the probablhty that
it will continue to operate without failure for: another year.

[see page six
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F(x)=

foe(x+1)

1
0

9. The cumulative distribution function, F(x) of a continuous random variable X is given by
, if 0<x<3,

, if  x>3,

, otherwise.

Find the value of %, the median of X, and the mean of X.

|10, The prcl)byability mass ﬁinc‘t‘;(’)n.: of a discregté" fandom' '{('ariable X is as follows -

X

0

1

2

3

4

P(X=x)

0.1

02

k

0.2

0.1

Find the value of %, the mean of X and the variance of X.-
If the random variable Y, defined by Y=aX -1 has mean O, find the value of a.
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Part B

# Answer five questions only.

11. (a) A force F produces a moment of 2i—2j+ 3k about the 'origin O. The line of action of F
lies on a plane perpendicular to the x axis and passes through the point 4 =(1, 1, 0).

(1) Determine F.

(ii) It is given that ‘the force F has Zer¢' mome the ;)Qint B= @, 0, q) Fmd the

values of p and q.

(b) Relative to a fixed origin O, points 4 and B of a rigid body have position vectors bi and
3i+4j + 12k respectively. A force F, actmg on the ‘body passes. through O and its line of |
action is parallel to 4B. Forces bi— j - 8k’ and Pk acting on the body, pass through
points with position - Vectors”bl 31+4_] respectwely _Given that ‘the system - 'reduces to '
a couple, find F and p. : ' . ‘

Find ‘the couple in the form al & b] + ck

12. A lamina in the shape of a rectangle ABCD with AB = a and BC = b is immersed in a homogeneous
liquid with its surface vertical and the edge AB on the free surface of the liquid. Show that the
centre of pressure of the lamina is at a depth ? from the free surface of the 11qu1d - -
A cubical tank has, on one of its Vertmal s1des a lid PQRS in the shape of a square of 31de of |- ‘
length ¢ which is smoothly hinged along ‘the horizontal top edge PQ. The tank is filled with a k
homogeneous liquid of density 0 to the level of PQ. Find the magnitude of the minimum force
that must be applied at the mid-point of RS perpendicular to the plane of PQRS in order to keep
the 1lid closed.

13. A particle P of mass m is projected Ve‘rticallyoupwardsy under gravity with a initial velocity .
Assume that the resistance of air is gv? per unit mass, where v is the velocity of P. Obtain the

equation of motion of P and show that P comes to rest at a height iln(l+u2).

Show that the velocity @ with which the particle will return to the point of prOJectlon is given
u

Vu2+1.

by o=

, J
[see page eight
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14. (a)

| Figure (1)
A smooth sphere P moves with a speed u and makes a perfectly elastic collision with an
identical sphere Q, which is at rest. Immediately before the collision, the velocity of P

makes an angle 0 with the line of centres (see figure (1)). Find the speeds of P

perpendicular.

®

< (2) :

In a billird game, all the billiar
. balls are smooth and the collisions: are-perfectly elastic.

figure (2)). Using the result in part(a), or otherwise,

(i) state the directions in which R, and W will move after the 284 collision.
_vand"r TR .
(i) find the speeds of R, and W after the 2nd collision.

15. A frame consists of two uniform rods AB and BC, having lengths 4a and ﬁ
2a respectively, which are rigidly joined together at B in such a way that B
ABC = 60°, (see the figure). The mass per unit length of both rods is m.
Show that the moment of inertia of the frame about an axis through A
perpendicular to the plane of the frame is 48ma’.

The frame can rotate freely about a fixed horizontal axis through 4 and
perpendicular to the frame. Tnitially 4B is vertical, with B above 4, and the

frame is given an angular speed 1/?;3_g The sense of the motion of the frame 4 '{
a
is such that, when AB is first horizontal, C is below AB. Show that angular

(24+\/§)g

speed of the frame at the instant when AB is horizontal is —aa
a

+

.

the collisions and show that the directions of motion of ‘P and Q after the collisions are

alls are identical and of radius 7. Assumé

" Two red balls 'RI," and R, are initially at rest with their centres at the points 4 and B
respectively, where AB = d(>37). A white ball W moves with a speed u towards R, m a
direction perpendicular to 4B. After hitting R;, W changes its direction and then collides with
R,. Suppose that at the moment of hitting R,, the centre of W lies at a point C on 4B (see

60°

and Q after

“that all the

I
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16. A computer game consists of two levels, Level 1 and Level 2. A player starts at Level 1 and
proceeds to Level 2, regardless of the outcome at Level 1. The probability of a win at Levell is
0.6. The probability of a win at Level 2 is 0.4 or 0.2, depending on a win at Levell or a loss
at Levell respectively.

(i) Find the probability that a player

(i)

(iii)

. (@)

t:The number of misrecognized letters per page by a characte )
Poisson distribution Wrth a mean of 0.5. Find the variance of: the number of rmsrecogn zed |

®)

(a) wins at both levels,

(b) wins only one of the two levels.

Given that a player has won at Level 2 of a game, find the probability that he has also won | -

at Levell of that game.

A player repeatedly plays this computer game until he wins at both levels of a game. Suppose

that the outcomes of different games are independent. Find the expected number of games
that a player has to play to win both levels of a game.

A random variable X follows a Poisson distribution with the prob»

yility ‘mass - function ”
A S T

P(X= x) =

for x=0,1,2, ..., where A(>0) is a parameter. :

Show that E(X) = A and E(X?) =%+

ition system, ‘

letters in a page.

Given that this system has mrsrecogmzed at most two 1etters in a partrcular page ﬁnd the”f
probability that there are no misrecognized letters in that page. -

Of a certain production, the copper content in a product follows a normal distribution with
a mean of 59.9 grams and a standard deviation of 2.5 grams. Find the probability that the

copper content of a randomly selected product from this productlon is. more than 61 grams ol

Among the products with copper content less than 61 grams, find ‘the" percentage that will] -

have copper content exceeding 60 grams.

s s
L
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Part A

1. Factorize: &*(b—c) + b*(c—a) + c*(a—Db).

[see page three
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|3. Let f(x) =x*—4x + 5 for x>2. Show that f is one-to-one and find the range of f
Also find 7(x).

)

Te)
Qo
—
o

T . @ azifljrra3 7 S TR
4. Leta, b, c €R. Show that |b 3% 1+0%|=(1+abo)(a-b)(b—c)(c~a)' -

c & 1+¢°

D Lt Ty i A A R R T R T LR TR R T T T T A A DD oSN

...........................................................................................................................
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5. Show that the tangents drawn to the parabola y2 = 4ax from the point (—a, 0).are perpendicular.|

6 Let a bER Also, let.f: IR—> R be if'her ‘function given by f(x)=1

It is given that f continuous and the gradient of the tangent line drawn to the graph of f when x =0
is ¢? + 1. Find the values of « and b. ~

TR S o R R R AR RS R ER Rt A Gk by

R T N AR R R R TR AR R R R R R AL LA AL SRR R AL AR

—
[see page five
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7. Let f(x) = 2* for x€ R and g(x) = 1 + In(x+1) for x> ~1. _ :
Find the gradient of the tangent lines drawn to the graphs of / and g when x=0.
‘ 2% if  x<0,

Now, let 2z R — R be the function defined by A(x)=
I+In(x+1) if x>0.

Is 4 differentiable at x = 0? Justify your answer.

\ _ . g,
[see page six
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9. Let fbea real-valued function such that f” is continuous on [0, 1] and f /(1) =f(1).
Show that I{xf (x)+x Y (x) J.f(x)dx
10. On the same d1agram sketch the curves whose polar equat1ons are 7= 1 +sinf and »=3sinb.
Find the coordinates of the pomt of intersection of these two curves with 0 <40 <727
\ .,
% [see page seven
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Part B

% Answer five questions only.

11. (a) Let 4, B and C be subsets of a universal set S. Stating clearly the laws of Algebra of sets
that you use, show that

@) BUCINA" = @'NBUCNANB),

(i) ANBNC"Y = AUNBYNUNCY.

(b) Among a group of 400 tourists, 103 preferred to visit only Anuradhapura 32 preferred to |’
visit only Kandy and 71 preferred to visit only Iaffna 19 preferred ‘to visit all three 01t1es
41 .do not prefer to visit any of these : o |1
not prefer to visit Jaffna.

Find the number of tourists who preferre tov

12. (a) Let g, b,c€ Rand q, b, c > 0.

Show that

G) “sz\@,

2 .2 2 2 2 :
(i) a +b b +226 +20b;—a 22_'_4\/5_
a

C

u

3 2\(u)
(b) Find the value of A such that, [ . 5) (”j#(
6 — v

J for some non-zero u, vE€ R.”
v

Hence or otherwise, find the equation of the line through the origin which gets mapped onto

. ) ' Y (3 2)(x
itself, under the transformation defined by ( J=[ J( j

y) (-8 =5)\y

v
[see page eight-
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13.

14.

b) SoIve the: dlfferentlal equahon (xz +1)

15.

State and prove De Moivre’s Theorem for a positive integral index.
Using De Moivre’s theorem, show that cos56 = cos® 8 —~10cos® 6 sip2 0+ 5cos Hsin4 0
and sin56=>5cos* #sin@—10cos® fsin® 6 +sin® @ for 6 € R.

—10tan’ 5 ,
Hence, show that tan56 = Stand-10tan” § + tan” when 0 #£ n?ﬂ for ne Z.

1-10tan? @ + tan* @

Prove that tan% is a root of the equation x*—10x2+5 = 0.

Give the other roots of the equation x*— 10x2+5 =0 in the form tan k5 , stating the values of %.

Deduce that tan> ? +tan? 2?7[ =10.

= x? —x[xl\ respectively, Sketch the | -

Show that the area fo?f ,tﬁé_,“régioﬁ S is i(1 +\/§)
o 33
Also, find the volumie of the solid generated by rotating S about the x-axis through 27 radians.

JVx? +1sinx subjedv.t; t{);;, e 'ébﬁdikﬁé«:niy =

when x = 0.

(@) Let ln=Jx"\/a2—x2dx for a>0, and n=0,1,2, 3, ... .

: _ (” D 2
Show that l 1 , for n>2.
n+2)

2 T
Hence, ‘evaluate fx4 45 dx.
0

(b) Find the Maclaurin series of sin x and In(1 — x) in ascending powers of x upto and including
the term in x°.

Hence, obtain the Maclaurin series of sin2x In(1 +2x) in ascending powers of X upto and
including the term in x3. - g : '

. 4 .
Using this, find an approximate value for Jsin 2xIn G t ;i) dx.

0

J/

[see page nine
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16. (1) Prove that the line y=mx+c is a tangent to the cllipse x_z y—2=1 if and only if
= atm? + b2

Q“

(ii) Show that the locus of the point of intersection of the tangents to the ellipse x_z y—2=1
which are at right angles, is given by x? + 32 = &2 + b2 a b

(iii) A tangent to the ellipse x? + 4)? = 4 meets the ellipse x*> + 2)?> =6 at thé points P and Q.
Show that the tangents at P and Q of the ellipse x> + 2)? = 6 are at right angles:

1. (@) Letf()—%—cc"% for x € R.

(1) Show that 0<flx)<1 for xeR.

(11) Solve the equations f(x) = 0 and f(x) = 1, and Sketch the graph of y =
indicating the turning points.

(b) The following table gives the values of f(x) = e'“xz, correct to two decimal plaees, for values
of x between 0 and 1: : .

x| 000 0.25 050. | 075 | 1.00

j(x) = g 1.00 0.94 0.78 0.57 0.37

1
Applying Simpson’s Rule, find an approximate value for fe_dex.
1 0

, :
An approximate value of J(15—63_x )dx 18 given to be 0.54. Find an approximate value
for & " e ,

- - 0
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