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Part A

1. Using the Principle of Mathematical Induction, prove that 9(27) < (n+3)! for all n€ z".

...........................................................................................................................
...........................................................................................................................
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...........................................................................................................................
...........................................................................................................................
---------------------------------------------------------------------------------------------------------------------------
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...........................................................................................................................
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...........................................................................................................................

2. Sketch the graphs of y=|x-2|+2 and y=7-|x+3| in the same diagram.
Hence, solve the equation |x-2|+|x+3|=5.

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------
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3. Sketch, in an Argand diagram, the locus of the points that represent the complex numbers z
satisfying the equation ]Arg(z—Zi)|=%_

Hence or otherwise, find the minimum value of |z—1| for z satisfying |Arg(2'+21)|=%.
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4. Let n€Z" be an odd integer. It is given that the binomial expansion of (J— —-—i—) contains an
x2 term. Show that n =3 and find the coefficient of x2.
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" tanx — i 1
5. Show that lim x_-sinx s
10 ( e 2+ 2

x \/3x 1-vx+1
...........................................................................................................................
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6. Let k> 0. The region enclosed by the curves y=(e"x e )2 ,/e’“ +e & ,y=0, x=—% and x=%
is rotated about the x-axis through 2z radians. Show that the volume of the solid thus generated
5
: Zn( l)
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7.

8.

Let C be the curve given parametrically by x=e’-2¢ and y=2e¢'+ ¢ for 1€ R.

dy 2¢* -1
Show that =—==_"".
dx ¥ 4+2

Find the gradient of the tangent to the curve C at the point on it corresponding to x=1.
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Let P=(2,a) and Q=(1, f), where a, 8 € R. The point P lies on the line /;: 2x—y—1=0, and
the point Q lies on the straight line /, which is parallel to the line /, and such that the acute
angle between PQ and /, is % Find the values of a and §.
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9. Find the equations of the circles with radius 4 units and centres lying on the line 4x—3y =0,
and touching the circle x> +)? =1 externally.

...........................................................................................................................
...................................................................................................................
------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------
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-------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------
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...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

---------------------------------------------------------------------------------------------------------------------------

= : : 7
10. Express sind—+/3cosé in the form Rsin(f-a), where R>0 and 0 <a< 3
Hence, find the values of & such that sin6—+/3cos@ has its minimum value.
b ibveiisnnsaninasiees s srna AR R R e N R B A A A AR LR 85 452 -
* % [see page seven
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Part B
% Answer five questions only.

11.(a) Let f(x) =x*-2kx—k*> -1, for x € R, where k € R.

Show that the equation f(x) = 0 has two non-zero roots that are real and distinct.

1 1
Let « and B be the roots of f(x) =0, and let r = 2a and s = 28

Show that the quadratic equation with r and s as its roots is 4(k*+ 1)x2+4kx—1 =0 and that

2k* +1
|r = |‘ 2
k“+1
Deduce that the horizontal distance between the two points of intersection of the graphs of

3

y=x3+92+3x+1 and y=x+x>-x+2 is <5

(b)) (i) Let a € R. Show that if (x—a) is a factor of a polynomial p(x), then there exists a
polynomial s(x) such that p(x)—(x—a)p'(x) = (x—a)?s(x), where p’(x) is the derivative

of p(x).
(ii) Let g(x) = x* —Ax* —2x— (x—2)(3x* + ux-2) for x € R, where 4, # € R. It is given that

(x—2) is a factor of g(x) and that the remainder when g(x) is divided by (x-1) is -3.

Show that 1 =1 and u =-2.
Using (i) above, deduce that (x—2)* is a factor of g(x).

12.(a) Five books that are different from each other, are to be distributed among three students 4, B
and C.

Find the number of different ways in which

(i) 4 receives exactly 2 books, B receives exactly 2 books and C receives exactly 1 book,

(ii) each student receives at least 1 book.

o J/
[see page eight
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r+4
r(r+1)(r+2)

(b) Let U, = R f(r)=% and g(r)=;_—£— for r € Z*, where 4 and B are real

+1
constants.

Find the values of 4 and B such that U, =[f(r)- f(r +2)]+[g(r)-g(r+1)] for r € Z".

e TR N +
Hence, show that ) U, 3T a3 PrneZ

r=1

Show further that the infinite series z U, is convergent and find its sum.

r=1

2n n-1
Find the value of the real constant m such that lim [Z U,+my. U,,_,)=18.

n—»x
r=1 r=1

4+a 7
2 a 21 a
13.(a) Let A= , B= and C=| 6 7|, where a € R.
31 1 4 1 3 4
a

Find the values of a such that A~! exists.

Find AB in terms of a.

Determine the value of a such that BTAT = C.

For this value of a, show that A — A~' = 31, where I is the identity matrix of order 2.
iz

__N23+i) - 3
(B) Let w===F 5= Show that [w|=2 and Arg w= =~

Let z € C be such that |z]| =2 andArgz=%.
Also, let A and B be the points representing the complex numbers z and w respectively, on an
Argand diagram. Show that 4B =8+2y2-26.

Let C be the mid-point of 4B. Using the triangle AOC, where O is the origin, deduce that

sin? (;—i):%(h—ﬁ—\/g)

(¢) Let m € Z*. It is given that (1 + 3ipm(1 + i)t = 23m*4,

Find the least value of m.

~— J
[see page nine
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X +x+p o

14.(a) Let f(x)=—(—T)2-— for x € R - {1}, where p € R. It is given that the graph of y = f(x)
x--

intersects its horizontal asymptote at a point with the x-coordinate --;-. Show that p =2.

Show that f '(x), the derivative of f(x), is given by f'(x) = —%% for x€ R — {1},
Hence, find the intervals on which f(x) is increasing and the intervals on which f(x) is
decreasing.

Also, find the coordinates of the turning point of the graph of y = f(x).

It is given that /”(x), the second derivative of f(x) is given by f"(x) = G(X—T? for R - {1}.
Show that the graph of y = f(x) has a point of inflection at (-3, %). =

Sketch the graph of y = f(x) indicating the tuming point, the asymptotes and the point of
inflection.

(b) A right circular cone is to be inscribed in a sphere of radius
3 cm, as shown in the figure.

Let » cm be the height of the cone. Show that the volume
of the cone ¥ cm’® is given by V=%(6h2-h’).

Also, show that the largest such cone thatlcan be inscribed
in the sphere is obtained when & = 4.

Jx
(1-k%x)

15.(a) Let k € R. Find J

d 1+sin2x 2 w
I £ = L.
(b) Show that I {111( =9 )} Py for 0<x< 2

- ‘ 1+sin2x
Using integration by parts, find =5 |
sing integration Dy p I(cost)ln( cos2x )

(c) Using the formula J- f(x)dx= J f(a-x)dx, where a is a constant, show that
0 0

L)

x
6

T
coS(x+§) dx:J' g s n

sinx+cos(x+-’3£)
0

sinx + cos(x + E)
0 3

o &

cos(x+ 13’—)

dr=2X

Deduce that
uce 7

sinx +cos(x + %)
0

- il
[see page ten
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16. Let O be the origin, A=(1,2) and B= (%. %) Find the equations of the angle bisectors of the

angles AOB and OAB, and show that these angle bisectors intersect at the point D= (%, %)

Find the perpendicular distance from D to the line OA.
Write down the equation of the circle C, that touches all three sides of the triangle OAB.

Suppose that the circle C, touches OA and 4B at the points £ and F, respectively. Show that the equation
of the circle C, that goes through the points 4, E and F is given by 4x* +4)* - 9x - 13y +15=0.

Determine whether the intersection of the circles C, and C, is orthogonal.

17.(a) Write down sin(4 + B) in terms of sin 4, sin B, cos 4 and cos B.
Deduce that sin28 = 2sinfcos 6.

Let0<0< % Express the equation cot@ - 2tan 6 = sin26 in the form acos* 8 + bcos?8+ ¢ = 0,

where a, b and c are real constants.

Hence, show that 8 =cos™! /Ji—l_

(b) Four distinct points 4, B, C and D on a plane are such
that BAD = ABC = 0 and 34D = 4BC.

Let BAC =a and 4BD = B. (See the figure.)

BC _ sinasin(6 + f)
AD sinfBsin(@+a)’

Deduce that cotf= 3cota—4cotp.

Using the Sine Rule, show that

(¢) Solve the following simultaneous equations for x and y:
sin™ Jx =cos™ [y

tan(tan~' 3x —tan™' 2y) + tan(tan™ 3y - tan™' 2x) =1.

¥ k%
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[ Part A

1. A particle A of mass m is at rest on a smooth horizontal table. A particle B of mass 2m moving
on the table with a speed u collides directly with A. The coefficient of restitution between 4 and B

is e. Show that the speed of the particle A after the collision is %(He)u.

It is given that the magnitude of the impulse exerted on 4 by B at the collision is mu. Show

---------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
........................................................................................................................

...........................................................................................................................

2. A particle is projected from a point O on a horizontal ground, with an initial speed u at an angle

6(0<9<%) with the horizontal. The particle moves under gravity. Find the horizontal range of
Ve

the projectile and show that if it is >
g

, then 8=% or 9=%.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
..........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

...........................................................................................................................
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3. Two particles P and Q of masses 4m and m respectively are
connected by a light inextensible string. The string passes over
a small smooth pulley A fixed at the top of two fixed planes,

cach inclined at an angle % to the horizontal, as shown in the
figure. The plane on which the particle P is placed is smooth

and the plane on which the particle Q is placed is rough.
The coefficient of friction between Q and the rough plane is

%. The particles are held with the string taut and the parts AP and AQ of the string lying along

lines of greatest slope of the respective planes, and released from rest. It is given that P moves
down the plane. Obtain equations sufficient to determine the tension of the string.

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

..........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

4. A car of mass 1250 kg is moving at a constant speed of 32 ms™' on a straight horizontal road against
a constant resistance of 1000 N. Show that the power generated by the engine of the car is 32 kW.
Now, the car moves downwards on a straight road inclined at an angle sin™ (%) to the horizontal

against the same constant resistance. Obtain equations sufficient to determine the speed of the car
at an instant when its acceleration is 4 ms? and its engine working with a power of 20 kW.

...........................................................................................................................
.........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

.................................................................................................................
..........

...........................................................................................................................
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5. A thin hemispherical shell of radius 2a is fixed with its circular rim

horizontal, as shown in the figure. A particle P of mass m is given a %

speed u such that it moves on the inner smooth surface of the shell
in a horizontal circle whose centre is at a distance a below the centre v
of the circular rim of the shell. Show that u = \3ga.

..........................................................................................................................
..........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

6. Leta,B, y € R - {0}. In the usual notation, let a=ai+fgjand b=yi-fj be two vectors satisfying
|af' +|b[ =1. Show that a?+ 242+ y*=1.

It is given that the vectors a and b are perpendicular to each other. Show that f?=ay.

Find the value of  if a=§.

.......................................................................................................................

..........................................................................................................................
...........................................................................................................................
...........................................................................................................................
--------------------------------------------------------------------------------------------------------------------------
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................
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7. A uniform rod A of weight W making an angle o (()/u - ;J with the

downward vertical is kept in equilibrium by placing the end # touching
a smooth vertical wall while the other end A is suspended by a light
inextensible string attached to the wall at a point C vertically above #,
as shown in the figure, The string is taut and makes an angle 0 with the
downward vertical, The rod and the string are lying in a vertical plane
perpendicular to the wall, Show that tan & = 2tan 0,

IR .
N N R R R R R R R R R R AR A R
IEEEEEEREERE
N R R RN RN RN L R R R R R R R PR N R R A R R A
N RN R R R LR R R R R R AR R R R R LA A

R N e e e R R R R R R R R R

R N N RN R R R R R R R R R R R
Shebierieiaaas YRR N R R PN R N A A N NN R R
R R R R R ]
R R R R
YR R O R R PR NN R R
T R I e R R P R R N RN AR R AR RS R AR R A

R R R R RN R R R R R R R R R R

R R R R R R

8. A particle P of weight W is attached to the rim of a uniform circular
thin disc of centre O, radius a and weight W. The disc rests on a
rough horizontal floor against a rough vertical wall. The cocfficient
of friction between the disc and the floor is 4 and that between the
disc and the wall is also u. It is given that the disc is in limiting

equilibrium when OP makes an angle 0 (() /X ’; with the horizontal.

The forces acting on the disc are marked on the figure. Show that

R R R RN R N N R R R R

IR R R F R R R R R R R R AR
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PP R R R R R R
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............................................... PR R R R R R
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9. Let 4, B and C be three events of a sample space 2 such that 4 and B are independent, B and C

are mutually exclusive, P(B) = -é- and P(AUB) = P(BUC). Show that P(C) = %P(A ).

Find P(C) if P(C|A)=2P(ANC) # 0.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
---------------------------------------------------------------------------------------------------------------------------
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

10. The mean of five observations arranged in ascending order as 1, p, 4, 10, g, is 6, where p and ¢

are real numbers. These observations are transformed by the transformation y = 3x +c¢, where
x denotes the original observations and ¢ is a real number. The mean and the range of the
transformed observations are 20 and 33 respectively. Find the values of p, ¢ and c.

...........................................................................................................................
.........................................................................................................................
..........................................................................................................................
..........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

...........................................................................................................................
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: . Part B
# Answer five questions only.
(In this question paper, g denotes the acceleration due to gravity.)

11.(a) A particle P, moving with a constant deceleration of fms™ along a straight line, passes a
point O with a velocity of 60 ms™' at time 1=0s, where f> 0. Just after the particle P comes
to rest, it moves towards O with a constant acceleration of fms™2. At time (= 20 s, another
particle O which was at rest at O, starts to move towards P along the same straight line with
a constant acceleration of fms™ and after reaching a velocity of 30 ms™' continues to move
with this constant velocity. The particle O meets the particle P, 10 seconds after the particle O
reaches the constant velocity. Sketch the velocity-time graphs for the motions of P and Q from
t=0s until they meet, in the same diagram.

Show that-f=3, and that the distance from © to fi~ ..int at which the particles meet is 450 m.

(b) A rniver of breadth a with parallel straight banks flows with 4
a uniform velocity u. The points A, B and C lie on the banks J
such that AB is perpendicular to the banks and BC =2a, as —~>y
shown in the figure. Two boats P and Q begin their journeys :
at A and B respectively, at the same instant. The boat P travels — '
relative to the water with a velocity of 2./5 u in the direction ¢ B
of AC. The boat Q travels with a speed of J2 u relative to the water in the direction of BA
relative to earth. Sketch the velocity tnangles for the motions of P and Q in the same diagram.
Find the velocity of P relative to earth, and the i of Q relative to earth.
Also, find the direction of the velocity of /77 sc!luiivs to (2, and hence find the shortest distance
between P and Q.

12.(a) The vertical cross-section ABCDE through the centre

of gravity of a smooth uniform block of mass 10m is
shown in the figure. The face containing AE is placed
on a smooth honizontal floor. Also, AB, BC and DE
are lines of greatest slope of the faces containing them,
CD is parallel to AE, and E,}B=ABC:Dr2A=§.
Three particles P, Q and R of masses 5m, m and m
respectively, are held on 4B, BC and DE respectively. y E

The particles P and O are attached to the ends of a

light inextensible string passing over a smooth light small pulley fixed to the block at B. The
system is released from rest with the string taut from the position shown in the figure. Obtain
equations sufficient to determine the acceleration of the block and the magnitude of the reaction
on P by the block.

J

[see page eight
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() A smooth thin rigid wire AB in the shape of a circular arc of radius g, B
centre O and AéB=zT” is fixed in a vertical plane with OA vertical, as a
shown in the figure. A smooth small bead of mass m is kept at 4 and O
projected along the wire with a speed of f—gz. Show that the speed v of
the bead when it has tumed through an angle 0 (0<os%’£) about O is
given by v? = 523(3 +4cos 6). A

——m————r-
O
A Y

N

Also, show that after leaving the wire, the bead comes back to A, and find the speed of the
bead when it reaches A.

13. Two fixed points 4 and B lie on a smooth horizontal table such that AB = 16a. One end of a
light elastic string S, of natural length 2a and modulus of elasticity 3mg is attached to a particle
P of mass m and the other end of S, is attached to 4. Also, one end of a second light elastic
string S, of natural length 4a and modulus of elasticity 4mg, is also attached to P and the other
end of S, is attached to B. The particle P is in equilibrium at a point C on the table, as shown
in the figure.

e
F

A

Y B
|

Find the lengths of AC and BC.

Now, the particle P is pulled by a distance 2a towards B and released from rest. Show that the
equation of motion of P is given by X + w*(x—6a) =0, where AP =x and » (> 0) is a constant
to be determined.

By taking X = x — 6a, show that X + ?X = 0 and state the period of this simple harmonic motion.
Using the formula X~ = w¥(c?-X?), find the amplitude ¢ and the maximum speed of P during
this motion.

At the first instant when P reaches C during this motion, the string S, is cut.

2a
A D C

Let D be the point on AC such that AD = 2a as shown in the figure. Show that the equation of

motion of P from C to D is given by y+ wfy=0, where DP =y and @, (>0) is a constant to
be determined. -
68

Show that the amplitude of this simple harmonic motion is \/:;—'.:.
Find the total time elapsed from the instant when P was set in moiisz until it reaches the point A.

14.(a) In the usual notation, let a=—i+ j and b = i + 2j be the position vectors of the points A and

B respectively, with respect to the origin O. Let C be the point such that &,’) = 253. Also,
let D be the point such that DC is parallel to AB, and AD is perpendicular to AB. Show that

Let E be the point of intersection of AB and OD.
l —_—

Show that AE = 4B -

~ _—
[see page nine
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15.(a)

)

ABCD is a plane quadrilateral with Ble=B[)C=%. C
AB = AD =22a and CD = 3a as shown in the figure. Forces
of magnitudes 3P, 3P, 2J2P, 5J2P and 32P act along AB,
AD, BD, BC and DC respectively, in the directions indicated by 2
the order of the letters. This system of forces is equivalent to
two forces of magnitudes aP and BP acting along AB and AD
respectively, in the directions indicated by the order of the letters, 2V2a

together with a couple whose moment is M acting in the counter
clockwise sense. Find the values of a, # and M. ul

v % A B
Now, a couple acting in the plane of the quadrilateral is added 2\2a
to the above system of forces such that the resultant of the new
system of forces goes through D. Find the moment of couple added.

Three uniform rods 4B, BC and CD of
equal length 4a and weights W, 2W and
W respectively, are smoothly jointed at the
end points B and C. The end 4 is smoothly
hinged to a fixed point. One end of a light
inextensible string is attached to the joint
B and other end of the string is attached
to a point lying vertically above B cn a
horizontal ceiling. The three rods are kept in
equilibrium in a vertical plane by placing the
rod BC on a fixed smooth peg at E, where
BE = 3a, and by applying a horizontal force D

of magnitude P at D such that the string is

taut and each of the rods AB and CD is making an angle of 60° with the vertical and the
rod BC is making an angle of 30° with the vertical as shown in the figure.

(i) Find the value of P.

(ii) Show that the magnitude of the reaction on the rod BC from the peg is _P;.’_
(i) Find the tension of the string.

The framework shown in the fiznr: consists of five light rods AP
AB, BC, CD, DA and DB thai ¢ r1oothly jointed at their D
ends. It is given that 4B = AD = ... BC = BD =2.f3a, and
> T
CBD—;. P
A load W is suspended at joint  und s {remework is smoothly
hinged to a fixed point at A and kep? in equilibrium in a vertical
plane with BC horizontal, by a foice of magnitude P applied B c
vertically upwards to it at the joint D. Draw a stress diagram
using Bow’s notation for the joints C, B and D. w

Hence, find the stresses in the rods, stating whether they are tensions or thrusts.

J

[see page ten
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16. Show that the centre of mass of a uniform hemispherical shell of radius a is at a distance -

from its centre and the centre of mass of a solid uniform right-circular cone of height & is at a
distance -:1 from the centre of its base.

A frustum of height 2a is made from a solid uniform right-circular
cone of base radius 3a and height 3a, by cutting it through a plane
parallel to its base and removing the smaller right-circular cone. (See
the adjoining figure.) The mass of the right-circular cone removed to
form the frustum is m. Show that the mass of the frustum is 26m.

A uniform hemispherical shell of radius a and mass m, and the above
frustum are rigidly fixed to the ends of a uniform rod of length Aa
and mass m to form a composite object such that the rod, the centre
of the hemispherical shell and the axis of the frustum are all lying on
the same straight line, as shown in the adjoining figure. Show that the

centre of mass of the composite object is at a distance gg(lS+/1)a
from the centre of the large circular base of the frustum.

The composite object is placed on a horizontal table with the curved
surface of the frustum touching the table. The adjoining figure shows

the vertical cross-section through the axis of symmetry of the composite

object. If the composite object is in equilibrium, show that A < 13—1

17.(a) A box C contains 2 black balls and 2 white balls, and a box D contains 2 black balls and
1 white ball. These balls are identical in all aspects except for their colours. First, one ball is
transferred at random from box C into box D. After that, a ball is transferred at random from
box D into box C. Now, a ball is drawn at random from bex D.

Find the probability that
(1) the ball drawn from box D is white,

(ii) the ball transferred first from box C into box D is black, given that the ball drawn from
box D is white.

(b) The following table gives the data distribution of il.c annual savings of 100 customers of a

bank. -
Savings in thousands of rupces ~i Py equency
10-30 T
30- 50 I T
50-170 15
70-90 10

Find the mean, median, mode and variance of the above data distribution.

Now, an additional x number of customers are added to the data distribution and it is found
that they all belong to a single class interval. The mean of the annual savings of (100 + x)
customers is given to be Rs. 40 000. Show that the class interval the new x customers belong
to is 30 — 50.
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