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1. Factorize: o + 8b° + 27¢3 — 18abc.

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

---------------------------------------------------------------------------------------------------

............................................................................................................................

...........................................................................................................................

2. Let a relation R be defined on the set of all integers Z by aRb if a®+b* is divisible by 2.
Show that R is an equivalence relation on Z and write down the equivalence class of 0.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

...........................................................................................................................
...........................................................................................................................

...........................................................................................................................
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3. Let fix)= E for x# 1. Show that f is one-to-one and find the range of f.

Also find £ (1 + £71(x)).

---------------------------------------------------------------------------------------------------------------------------

..........................................................................................................................

...........................................................................................................................
...........................................................................................................................
---------------------------------------------------------------------------------------------------------------------------
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

2 2 2

4. Leta, b, c € R. Show that |[a+1 b+1 c+If=(a—b)(b—c)(c—a)[(a+ b+ (b+c)+ (c+ay].
4 4 4
a b é

...........................................................................................................................

..........................................................................................................

..........................................................................................................

.................

..........................................................................................................

..........................................................................................................

.................

..........................................................................................................

..........................................................................................................

..........................................................................................................

..........................................................................................................

.................

..........................................................................................................
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5, The tangent line and the normal line drawn to the parabola y? = 16x at the point 4 = (4, 8) meet

-\

the y-axis at B and C respectively. Find the area of the triangle ABC.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

————I*C?(SJ; if xe(0,0)

o a(x® +2x+1) |
6. Leta,b € R.Also,letf: R — R be the function given by f(x)= —u‘m—l'— if xe(—ew,—1)w(-10]
X+

If f is continuous on R, find the values of a and b.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
..........................................................................................................................

...........................................................................................................................

A

[see page five
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_ ) Inx+a if O0<x<b
7. Find the constants @ and b such that the function f(x)= i ) is differentiable
everywhere on (0, 00). 2tan (x) if x2b

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

---------------------------------------------------------------------------------------------------------------------------

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................
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9. Let f be a real-valued function such that f” is continuous on [0, 1]. Show that
1

[ (@) + (A +0f/60) + @) dx = (1) + £(D).

...........................................................................................................................

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

10. Sketch the curves whose polar equations are » =2(cos@+sin6) and r(cos@+sinf) =1, in the
same diagram.
Find the polar coordinates of the points of intersection of these curves.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
---------------------------------------------------------------------------------------------------------------------------

...........................................................................................................................
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Part B

# Answer five questions only.

11. (a) Let 4, B, C and D be subsets of a universal set S. Stating clearly the laws of Algebra of
sets that you use, show that

(i) A'ncyuB'NC)VU(CND) =((ANB)UD)NC,

(i) ANBNncNnDHYvAd'ncyuB'ncyu(ECcnb)=C

(b) A survey of 1000 women in a town was conducted about their hobbies. The result shows
that 48% enjoyed gardening, while 32% enjoyed only gardening. 42% enjoyed reading novels,
while 28% enjoyed only reading novels. 32% enjoyed painting, while 17% enjoyed painting
only. It was observed that 200 women have more than one of these hobbies.

(i) Find the number of women who enjoy all three hobbies.

(ii) Find the number of women who do not enjoy any of these hobbies.

12. (a) Let a, b, ¢ be positive real numbers.

Show that
) X5 Jab,

Giy 2 3080 ob 6, wnid
a b c

3
(iii) if a+b+c=x, then 8abc < (x—a)(x—b)(x—¢) < %

(b) Let A=[§ 190].

Find the values of A such that |A—AI|=0, where I is the 2x 2 identity matrix.

Hence or otherwise, find the equations of the lines through the origin which gets mapped

x' %
onto itself, under the transformation defined by, ( F}ZA[ ]
Y y

A
[see page eight
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14. (a)

(b)

15. (a)

(®)

13. State and prove De Moivre’s Theorem for a positive integral index.
Let cu:cos[%rjﬂsin(%r). Show that @° = 1.

Write down the nine distinct roots of z7 =

8

Show that z ot =—1.

k=1

: 2%
Hence, show that Z cos[—n]: -1.
k=1 9

Deduce that cos[%}+cos(%)+cos[8—ﬁj=0.

B

and y = Vi +1, respectively. Sketch

Let C, and C, be the two curves given by y =

2
the graphs of C, and C, in a same diagram. ¥+

Let S be the region enclosed by the two curves C, and C, and the lines x =0 and x = 1.

Find the volume of the solid generated by rotating the region § about the y-axis through 2z radians.

Solve the differential equation:
dy _x+y+2
de x—-y+6

x

1

Let a>0 and let [ = J—”dz forx>0and n=0, 1, 2, ... .

2 2
’ (I +a)
Show that 2na?l ., = (2n— I + ————.
H
X% (x2+a2)
m -
LetJ, .= dt forx>0and m, n=0,1, 2, ....
1 n
(t2+a2)

0

Show that J. .. +a8l _=d . ..

o

2 =
Deduce that J } z de=Z 2 :
(fz + a? ]

0

Find the Maclaurin series of sin x.

Deduce the Maclaurin series of sin(sin x) in_ascending power of x up to and including the
term in x°.

Using this, find approximate values for

(1) x sin(sin x) +2 at x = 0.3, and
1

(ii) j (x + 2 sin (sin 2)) dx.
0

/

[see page nine
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16.

17

~

Let (h, k) be the mid-point of a chord of the circle x* + )’ = &%, where a > 0. Prove that the
equation of the chord is given by hx + ky = h* + k2.

Show that the equation of the locus of the mid-points of the chords of the circle x* + ) =16
which are tangent to the hyperbola 9x* — 16y* = 144 is given by (x*> +?)* = 16x - 9.

2—-cos2x

- for x ;
3—sin2x —cos2x e ZER

(a) Let f(x) =
(i) Show that % <flx)<1 for x€ R.

(ii) Solve the equations f{x) = 1 and f(x) = % and find the coordinates of the turning points
of y =f(x) for 0 <x < 3—2;{

(b) The following table gives the values of the function f{x) = In(1 + x> +x?) correct to two decimal
places for the given values of x:

¥ 0.00 0.25 0.50 0.75 1.00
Jx) 0.00 0.08 0.32 0.69 1.10

1

Using Simpson’s Rule, find an approximate value for j S(x)dx.
0

1

3
Hence, find an approximate value for j]n[(l-i-xz g )e* }dx.
0
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Part A

1. Let /, be the line given by r=i+j+A(i—j+k), where 1€ R. Also let /, be the line passing
through the point P(5,0, &) and parallel to the line /. A couple with its vector moment —3j — 3k
comprises a force F acting along the line /; and a force —F acting along the line /,. Find the
force F and the value of a.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
..........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

2. Parallelogram OACB has its sides determined by axi" =gai+j—k and F)E =i+ j+ 2k, where
a> 0. It is given that the area of the parallelogram is V35 . Find the value of a.

..........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................
...........................................................................................................................

...........................................................................................................................
...........................................................................................................................
..........................................................................................................................

...........................................................................................................................

[see page three
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3. A composite body is formed by rigidly fixing a uniform solid hemisphere
of radius 24 and density P to a uniform solid right circular cone of base
radius 2a, height 2z and density 2p in such a way that the two plane - a
faces coincide. The composite body floats in equilibrium with its axis
of symmetry vertical, in a liquid of density o such that the part of the Z---=r=ire---
composite body, consisting of the hemisphere and the frustum of height ==
a of the cone, completely immersed in the liquid as shown in the figure

p_23
Show that T

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
..........................................................................................................................
...........................................................................................................................

---------------------------------------------------------------------------------------------------------------------------

4. The position vector of a particle P at time ¢ is given by r(f) = sin (20)i + (cos (21) + ])j + 2sin (H k.
Find the velocity vector, and the angle that it makes with the position vector.
Also, show that the angle between the position vector and the acceleration vector is always obtuse.

...........................................................................................................................
...........................................................................................................................
---------------------------------------------------------------------------------------------------------------------------
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

[see page four

000200

01020000188110200

TR T



AL/2025/11/E-11 i,
-

5. A smooth rectangular horizontal plane is surrounded by smooth walls PQ, § R
OR, RS and SP, where PQ =a and OR = b. (See the figure.) A particle
is projected from a point 4 on PQ with initial velocity ui + vj where i is
the unit vector in direction PQ and j is the unit vector in the direction
PS. Suppose the particle, after rebounding from the walls OR, RS and
PS, returns to the initial point A. The coefficient of restitution between P A 0
the particle and the walls is e. Show that the time taken for the particle
to move from A and return to A after rebounding at the walls OR, RS and SP is —(1+e)

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
..........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

6. A pendulum is constructed by rigidly attaching a thin uniform rod, of length 2/ and
mass m to a uniform disc, of radius / and mass 4m, so that the rod lies in the plane
of the disc and one end of the rod is at the centre of the disc. The pendulum is
free to rotate in a vertical plane about a smooth horizontal axis through the other
end of the rod perpendicular to the disc.

If the pendulum is released from rest with the rod horizontal, show that, when the

rod makes an angle @ with the downward vertical, the angular velocity 0 is given
-2 27gcosd

by & = 291

...........................................................................................................................
..........................................................................................................................
...........................................................................................................................
...........................................................................................................................
---------------------------------------------------------------------------------------------------------------------------

...........................................................................................................................

[see page five
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7. The probability that a biased coin lands with a ‘head’ facing up and a ‘tail’ facing up are 0.4
and 0.6 respectively. In three independent tosses of this coin, find the probability that
(i) a ‘head’ will turn up in at least one toss,
(ii) two consecutive tosses will have ‘head’ turning up.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

8. The number of printing errors in a page of a book, X follows a Poisson distribution with
probability mass function
g

PX=x)= e 2=0; 1.2
Find the expected number of printing errors in a page.

Errors occur in different pages independently. Given that there is exactly two errors in total in
the first two pages, find the probability that there are no errors in the first page.

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

[see page six
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9. The probability density function f(x) of a continuous random variable X is given by

2
f(x)z{kx(l 0 nggl
0 , otherwise

Find the value of k, and the cumulative distribution function F(x), of X.
Hence or otherwise find P(X> 0.5).

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

10. Let X be a discrete random variable that can only take the values 0, 1 and 2.
Given that P(X>0)=0.5 and P(X=1)=p, show that P(X=0) = 0.5 and E(X)=1-p, where

0<p<05.
Also, find the mean of the random variable Y defined by Y=1-X.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

..........................................................................................................................

L
e ke [see page seven
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Part B

# Answer five questions only.

11. The points A(1, 0, 0), B(0, 1, 0), C(0, 0, 1) and D(1, &, ff) form a skew quadrilateral ABCD. The
forces 3i—2j—k, —i +j—4k, —i + 3j— Sk and F act through the points 4, B, C and D, respectively.
If the system of forces is equivalent to a couple with its vector moment 11i—5j—k, find the
force F and the values of « and .
Now two forces 10i+ 16j+ Sk and 2i—j, acting through the points (1, 1, 1) and (5, 0, 0),
respectively are introduced to the above system.

Find the force acting through the origin needed to be added to the system so that the system is
in equilibrium.

12. A lamina in the shape of a square of side « is immersed in a homogeneous liquid with its surface
vertical, the top edge horizontal and the centre lying below a distance /# from the free surface of

2
the liquid. Show that the centre of pressure of the lamina is at a distance %;; below the centre
of the lamina.

A cubical tank of side 2« is completely filled with a homogeneous liquid of density p. The
tank has a square lid of side 24 on one vertical face which is smoothly hinged along its upper
horizontal edge. The lid is kept closed by a smooth latch along the lower edge. The tank is

immersed vertically in another homogencous liquid of density g such that the centre of the lid

is at a depth d(>a) below the free surface of the outer liquid. Now, the latch is released. Show

that the lid starts to open if d < ?_a

3

13. A particle P is dropped from rest from a height /. Simultaneously, another particle Q is projected
vertically upwards from the ground with an initial velocity ». Both particles move along the same
vertical line under the influence of gravity and the air resistance of kv per unit mass, where &
is a constant and v is the speed.

Show that

(i) if Q does not meet P, the time taken by O to reach its maximum height is T—;]n(] k”)

and the total distance travelled by both particles at any time 7 <7 is %m(l—e ’h).

;2
£+g

(ii) if the particles P and Q meet while @ is still ascending, then H < o

S
[see page eight
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14. A smooth sphere 4, of mass 2m travels along a straight line on a smooth horizontal table with
speed u. It makes a perfectly elastic collision with another smooth sphere B of mass m and
radius equal to that of 4 which is at rest on the table. Just before the collision, the velocity
of A makes an angle ¢ (0< ¢ < %) with the line joining the centres of the spheres. Find the
velocities of 4 and B just after the collision.
Let 6 be the angle through which the direction of motion of 4 turns due to the impact.
2
Sh that Si——
- e 3tan ¢+ cot@
Determine the value of ¢ that makes € a maximum.

15. A uniform rectangular lamina KLMN is such that KL = 12a N D M
and KN = 8a. The point D on MN is such that ND = 44 and
the point E on NK is such that NE = 6a. The mass per unit
area of the lamina is p. The rectangle NDFE is removed R
and let the remaining lamina be R. (See the diagram.) Show E F
that the distance to the centre of mass of R from KL is
11 22 & .
34 and from KN is 39
Show that the moment of inertia of R about an axis through K perpendicular to the lamina is
5856a'p.

The lamina R can rotate in a vertical planc about a fixed smooth horizontal axis through K. The
lamina is released from rest in a position where E is vertically above K. Find, in terms of a and g,
the angular velocity of the lamina at an instant when KL is vertical.

16. Among customers who order rice at a restaurant, 60% order plain rice and 40% order yellow rice.
Among those who order plain rice, 60%, 30% and 10% order lime juice, orange juice and mango
juice respectively. Among those who order yellow rice, 70%, 25% and 5% order lime juice, orange
juice and mango juice, respectively. Customers make choices independently. Each customer order
only one type of rice and one type of juice.

Find the probability that a customer will order yellow rice given that he has ordered lime juice.
Now, consider two customers. Find the probability that

(i) both will order the same type of juice.

(ii) they will order different types of rice.

(iii) they will order the same type of juice and different types of rice.

(iv) at least one of the customers will order yellow rice and orange juice.

/

[see page nine
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17. (a) A random variable X follows an exponential distribution with the probability density function
f(x) = de™, x > 0; where 1(>0) is a parameter. Show that the cumulative distribution function
F(x) of X is given by F(x) = 1-¢e™,

The lifetime of a certain type of air conditioners follows an exponential distribution. It is
known that 19% of air conditioners of this type fails before 2 years of operation.

(1) Find the percentage of air conditioners that will fail before one year of operation.
(ii) Find the probability that an air conditioner fails between two and three years of operation.

(iii) Given that an air conditioner did not fail during the first year of operation, find the
probability that it will not fail before two years of operation.

(b) A random variable X follows a normal distribution with a mean of 10 units and a standard
deviation of 2 units. Given that a randomly chosen value from this distribution is greater
than 10 units, find the probability that this value is in between 12.6 and 13.0 units.
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