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1. Using the Principle of Mathematical Indaction, prove thar '} (3, +1%— S famaniasae
i rE-_-I )—n(u+l) forall ne Z* |

s =

e e

For n=1,LILS. =1-3+h=4 and RHS. =T-(t41)2 - 4 @

. The result is true for n=1.

——

Take any p e Z' and assume that the result is true for 5 = p,,

ie. f::~(3r+1)=p(p+1)2. --------------- (1) @

r=1

p+l L
Now Y r(3r+1)= r(3r+1)+(p+D(3p+4) @
[

r=} r=

= p(p+D> +(p+1)(3p+4)
:(p+l’)(p2 +p+3p+4)

= (p+1(p+2)° @

Hence if the result is true for » = p , then it is also true for n= p+1. We have already
proved that the result is true for n=1.

Hence by the Principle of Mathematical Induction, the result is true forall neZ".

25
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'2. Find all real values of x satisfying the inequality -1z lx+1].

At the points of intersection, we must have x>—1 and ¥2-1=x+1,andso x=-lor x=2.

The solutions are the values of x satisfying x<-l or x22. @
25

¢

Aliter 1

x+1 if x=-1
[x+1]= ) .
-(x+Dif x<-1

Case (i) x= -1

In this case, x2—12|x+l] o xt-12x+l @

o x2-x-220

o (x+1)(x=2)20

& x<-lor x22.®
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Since x 2-1, the solutM
Case (i) x<-1, -
| xz—l?_—(JH'l)

In this case, x* —12]x+1

& yrx20

C:’x(x+!)20 @
x20.

o xs-lor

Since x < -1, the solutions are X < -1.

From the two cascs, we get x<-—1 0r >2 as the answer. @

Aliter 2
Casr QY x> -1
2
X-12|x+1] S X ~12x+] @
o x<-lorx22. @

Since x >-1, the solutions are x2 2.

Case (ii) x<-1

x2—12|x+llc> .rz—IZ*(x"‘l) @ i
o x<-lorx20. @

Since x < -1, the solutions are x<-1.

From the two cases, we get x <1 or x> 2 as the answer. @ -
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Aliter 3
Case (i) x? 21

In this case x* -12 0, and so both sides are non-negative.

Loxt 12| x4

& (=12 (x+1)? @

& (x+)(x=1)7 - (x+1)? 20

o (x+)x-1)2-1]20

& (x+1)?x(x~2)20 @
& x=-lor x<0or x>2 @

Since x221¢:>xs-l or x 21, the solutions are x<~lor x>2. @

Case (i) x2 <1

Since x> ~1<0, and hence there are no solution. From the two cases. we get x <—1 or x > 2

as the answer. >
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B __3dPcostq, e
. Let 0 < a<Z. Show that hmm: tan a et 7
2

2

x3-a'3 ; (x,a)(x2+?:r+a )
lim —p =x’_m siny _swna

[ — —
x—>a tan x — cﬂ_—osa
(x —@)COSXCOSZ (2 +ox+ g2 +a?)
. (x—a)e0sT™
= lim sinxcosa — —cosxsing

X=X

—Izm——f—ﬁ"‘ COSXCOSCX + (x2+a:x+a2) @
e sin(x=a) .

2
:I'COSCZ'COSa'(-ga )

=3o:2coszaf. @
l 25

Aliter 1 @
P i (x-a)(x? +ox +a?)

x —
lim ———— = [im
xoe tanx—tang  r-e tan(x -a)(1+ tanxtan )

( tan(x —a) = tan x—tana) }

1+ tan x tan &)

X—-a x2+a:r+a2

= lim .
e tan(x—a) (l1+tanxtanc)

im X% cos(x—a)-(x2+ax+a2) :
= i1 .
x—a sin(x—a) (I+tanxtana)

4. 1-3a? @
I+tan
3a 2 2
= =3a“cos .
sec’ & @ 25
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Aliter 2
3 3 3 3
r x -« ; - -
o -2 i Xl
r—a tanx —tana —a x—g sinx sing
cosx cosa
3 3
= lim 2 =%, x-a @
x»a X-q Sinxcosa-cosxsina
COSXCOS
3 3
. X = X—-a
= lim . _( ) -COSXCOSQ @
x»a X—-a sin(x-a)
=3a’-1.costq
=3a’ cos’a | @ 25

6. Let O0<a<b. Show that j‘%‘sin"( ’é_%_g_ cosx) . b—asinx
acos’x + bsin’x
Hence, find | ———2t0X ____dx.
Vacos? x + bsin® x

d . 4| |b—-a
—SIn COsSXx
dx b

Jh-asinx

1 b-a .
e (D (D
\/lu-@—;ﬂcoszx .

sinx

= - . > x b—a
\/b—bcos xX+acos‘x

Jb-asinx

1./c1'cos2 x+bsin? x

7

dx =sin™! [T }_"2_‘_‘_‘1 cos x) + constant @
cos® x+bsin® x _ b




Y
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sinx

1.
R} ]
" Jb-a [

~,facos2 x+bsin®x

O,

constant.

b-a
TCOSx +C,

Where Cig gy arbj
fary

\@

Aliter

Let y=sin“'[1’§—;£cosx].
: ’b-a Q. 10% 2=
Then siny = Y 2% and 5 sys >

_ Jb(l —cos’ x) +acos’ x
b

_acos® x +bsin’ x

Vb
dy vb-asinx

() .

©

Vacos® x+bsin® x

Integration as before.

-\

25
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Show that -‘—i-‘y.z..
= cot® 6,

7. A curve Cis given parametrically by x=3 cos 0-cos’®, y=3sin0—sim* 8 for 0 <6 < z

Find the coordinates of the point P on the curve C at which the gradient of the tangent line is -1.

x=3cosf~cos® @ y=3sin@-sin’ @

dx ' ;
20 =-3sin0+3cos? Gsin e; % =3cos#~3sin? Gcosé

_ci)i=dy/d3= 3cosf(1-sin’ 4) d cos39__cot30 @
dx  dx/d® -3sin@(1-cos’6) sin’@ ‘

dy

-dx=—l<:>cot9=1¢::>6=—§~ @

25

8. Let {; and I, be the straight lines given by 3r—-dy=2 and 4x-3y=1 respectively.
(1) Write down the equations of the bisectors of the angles between {, and L.
(i) Find the equation of the bisector of the acute angle between [, and /,.

Bisectors are given by

3x-4y-2 _ 4x-3y-1 @
5 LV 5 !
x+y+1=0or 7x-7y-3=0 @ .

Let a be the acute angle between /; and x+y+1=0
£)’-+1
tang=|4— @
3
1-2
4
=7>1

- 7x~T7y—-3=0 is the bisector of the acute angle between /; and /,. @

25
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____/’::’(]:—n:j'let { be the stralght lme given by y =

2eF-
9. Let S be the circle given by ugh the points of intersection of § *LE
the equation of the circle which passes e and /, and also Ihtersects

the circle § orthogom"y

has the form (x? +y? =4+ A(y—x-1)=0, where 1 &R,

The required equation

_,zx+/ly—l—4=0'

r- A '
0 f=0e="Hhg =—i =550 =—4-4,

7 2
je x*+y

A

If this is orthogonal t0 S, with §=% ’

- ’
we must have 2gg'+2ff'6+c' @

ie. 0=—4-8
O w
. The answer isx” +y* +8x-8y+4=0. @

T ——

10. Showﬂaat(cos-gning) = ] +sin @ for -w< 6 sx. Hence, show that °°5_'+3'“""-J—andaiso

find the value of ¢os =~ Deduoeﬂrat =z _f3-1
12 TN

( .8 9)2 20 .. 0 8. 18
sin—+cos— | =sin“—+2sin—cos—+¢0s" —
Z 2 2 R 2 2

=1+sind — (- sng—!-cosz—e—land ZSin—qcosg=sin6‘.)
2 2 &

Let 6=£:® :
6

2
Then (cos£+sin_’f_ —1ed
127 g) Ty

S]n"-"" —_—
= coslz ----------(1) @ (- sm——-+cos-]—2~>0)



Department of Examinations - Sri lanka

Confidential

e

(1
Let 9=—o:
€ 6
T Y 1
Then (cos——-sin—— =—,
12 12 9
cos-f-—*smf— —L 2
2 12 — @
B3-1

H-(2)= sm--——'—-————

22

” Ll cosf—)
e 12

@

©,




-~ N

Department of Examinations -Srilanks______——

partB

e R e

11.(a) Let f(x) = 3 + 2ax + b, where 4,
It is given that the equation f(x) = 0 bas two real distinct roots. Show that g2 » 3b.

Let @ and B be the roots of f(x)=0- write down a+# in terms of 4 and af in terms of 4

Show that |a - 8] = %Jal_sb ;
Show further that the quadratic equation with |+ f| and la - B| as its roots is Biven by
9x? - 6(|a| +Vad ——‘3!:].” aJa® - 3a% =0.

(B) Let g(x) = X+ p2+ qr+ 1, where p, g ER. When g(x) is divided by (v—1)(x+2), the remainge,
is 3x+2. Show that the remainder when g(x) is divided by (x - 1) is 5, and that the remainger

when g(x) is divided by (c+2) is 4.
Find the values of p and g, and show that (c + 1) is a factor of g(x).

C)

(a) The discriminant A = (2a)> —4(3)(?)
-aa-%). (5)

Since f(x)=0 has two real distant roots, we must have A> 0. @

at>3b. @
20

2a b
+ :—--.........and 2,
a+p 3 aff 3

@ @ 10
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(@-B) =(a+f) -4ap
_4a® _4b
o3 (O
=%(a2—3b). @
g
|a—ﬁ[=§\}az~35. @
25
Leta'=|a+ g] and f'=a - g|.
, 2 2
Thena =—3—ia} and ﬁ':-é-s/az -3b.
The required equation is (x-a’)(x - B)=0. @
ie. x’—(a'+p)x+a'f =0. @
=>x=~[§1a:+§~/a2—3b]x+~;—la| P
=>9x2—6[|ai+~}a2—3b)x+4 a* -3a% =0. @ 30

(b) Since the remainder when g(x) divided by (x — 1)(x + 2) is 3x+2. we have

8= A(x)(x = 1)(x +2) + 35 42, wemmmememe (1)

where h(x) is a polynomial of degree 1.

By the Remainder Theorem, the remainder when g(x)is divided by (x-1)is g(1).

&
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(= gl)=5. @

Hence, the remainder when g(x) divided by (x=1)is 5.

Again, by the Remainder Theorem, the remainder when g(x)is divided by (x+2) is 8(=2)
()= g(-2)=—4 @

Hence, the remainder when g(x) divided by (x+2)is —4.

g)y=5=1+p+qg+i=5 @

p+g=3

g(-2)=—4=-8+4p—2g+]1=—4 @
4p-2¢=3

O O

Now g(-D=-1+p-g+1=0. (:p=9g)

Thus, by the Factor Theorem, (x +1) is a factor of g(x). @ 15
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'12.(a) Write down the binomia €Xpansion of (5 + 20"

in ascending powers of x.

Let 7, be the term containing x* in the above expansion for r=0,1,2,...,14

Show that Jzet =2(4-1)

;e ¥ foraso,

|
Hence, find the value of , which gives the largest term of the above cxpansion, when x = % I!
|
- l forreZ’
(f+€‘)(r-i-c+2)_(r+c) (r+c+2) 1 ’
Hence, show that —2 __(3+29 ! 1 .
rEI r+c)rec+2y 1 +e)2+¢) (r+c+l) (n+c+2) for n€Z".

F

|

a

f

1

l

|

]l (b) Let ¢ = 0. Show that 2 .
f

|

|

i

i

|

!

! Deduce that the infinite scries E m}%m converges and find its sum. 1[
|

| 1 [
By using this sum wuth suitable val P 2 A
l} € values for ¢, show that E (r+ 2) 3 + g%{"’* O(r+3)°

——— e e ———————

(@) (5+2x)" =i Mg, 514" (20"

r=0
14 14

=> WG G e YC=—""= for #=0,1,....14.
=0 ri(14-r)!

@ 15

Let 7,="C,5"" 2" .x" for r=0,1,....14.

1 g13-F Ar+l | gld-r Ar
Thhon g =, 119 257 /M—'—S—_ 2. (D

T, (r+N13-m)" P14 —r)!

2, (O [20]
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wndt (D

(r+ 3

M : _&M > 1.
Hence, =2 | according as 1271y <

r

&

i.c. according as 112-8r2 157 +15.

il

.
Thus. x:;-: -5-',:'—=

i i < 97 —4-—5-.
i.e.accordingas r S TRPE

O,

1 <7 <, <0 <T <3 Te>Te (10)
. The required valuc is z=5. @ W
35

1 ] (r+c+2)-(r+c)
b = =
( )r-l-c r+c+?2  (r+o)r+c+2) @

2
_(r+c)(r+c+2)' @ =

2
Let u, = - for reZ’
(r+c)(r+c+2)

Then
1 i

r=1; 4y=—m—-——

=I+c 3+¢
1 1

re2 g, S e

2+c¢ 4d+c
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r=n—2;un_2=-__.1_____ l @
N=24T bipse

1 1

S LT AT N . (T
n-l+c pic+l

; 1 I
r=mn; U, =—_

n
h+c n+c+2

" l 1 1

U, = -— o —

pesr l+¢ 24¢ ntc+l n+c+2

. 3+2 | £ 1
(1+c)2+¢) n+ce+1 n+c+2_ @

35
3+2¢
The limit of the RH.S. as n— o0js —5+2¢ .
e limit of the as n—wis T o
) 3+2¢
Z"r convergent and the sum js ————
- @ (I+c)2+¢)
& 20

& 13
et A ACMES 1
Pur=0: 3\ ————cul (1) D
- 5
S ;(r+i)(r+3) 12 @

< 1 1 5 3
e e e DN 2
3 Z:(r-l-l)(HrB) 3+12 4 )

r=}

Now, (I) and (2) :>Z

| & I
- r(r+7) §+§(r+1)(r+3)' @
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R 41
-1 a d P= ,whcrca,bGR.
(1 )an (2 0)

3
2 a =
13.(aJLc:A=( :bz)'B 1 &0 |
" here BT denoies the transposc of the matrix B. Show thy :
“' nd b, find BTA. X
|

r

- T= P,
It is given that ‘/:gl s values for a @

i
|
,f

and b=-1, and

ad the matrix Q such that PQ = P? + 2I, where I is the s
y;

]

i
!
I3

_and using it.
i
13
|
|

Write down P I
matrix of order 2.

' cus
(b) Sketch in an Argand diagram. the I¢

=1
{ =, = a(cos 0+isin &),

C of the points representing complcx numbers = sa*iSfying

X Find the modulus in terms of g ang thei

whcﬂea>0::md0<ta‘<2 1
of 0, of each of the complex numbers = and %, i
and diagram representing the complex numberst

e
principal argument, in terms
and S be the points in the above Arg

et P.O, R
L 1 and ::5 , respectively. | |
i
|
|
i

| :0' ?(; ¢ e \
| Show that when the point P lies on C above,
(i) the points @ and S also lie on C, and

ween O and 2. |

! (ii) the point R lies on the real axis bet

11
2 a3
el O

ABT=
= [——l b2
a 0

LRI

2-a+3a 2+abJ

“[—1~b+2a _1+52

2-a+3a 2+ab ) 4 1
) ®©

ABT=P<:> 4
-1-b+2a —1+54

< 2+42a=4, 2+ab=1, —-1+2a-b=2, ~1+4%=0. @
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(1 1
Now, B'4=|-1 —i (2 l 3] @
1 o S
(1 0 5
2l B . @
ye 4.3 45
> 1{ 0 -1
2[_2 4] 0
Also. PQ=P?+21 < P (PQ)=p-'(P2 +21) @
& Q=P7'p14 p(21) @
o 0=pP4op! @
5 S Yo Al
s} Ji ) ©
2.0//\2 -4
4 2
oo, ~ RAEs)
1 =4 35

(b) Vi

N e

(0]
¢

h

_—
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~isinf)
(cosf 1S @

e a(cos@ +isind) (cos?

<0
(cos@ —isinf)

_ (cos8 1S

m(«:os2 g +sin” 0)

= l(COS( —-9) + J'Sln("g)) @
a

1
L‘—l andArg[ ] -0.
1
Next, zo> =a’(cos@ +isin g)(cos @ +isin 0)

=il {(cos?' @ —sin® ) +2i cosOsin 9} @
= a*(cos28 +isin20) @

202 =a’, andArg(z@2)=29. @

Hence.

Hence,

Conf;

Suppose that P lies on C.

Then a=1. @
—|=1andso @ liesonC @

-

“0

Also, | z{ |=1 and hence S lies on C. @

15

1 ;
zp +—=(cosf +isin @) +(cosf - isinb)

Zp
=2c0s8. @

10 - Combined Mathematics (Marking Scheme) / G.C.E. (A/L) Examination - 2017 / Amendments to be included. .
2
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Note that 0<0<§-:¢0<2c039<2_

. The number represented by Zp + 2, is real and lies between 0 and 2 on the real axis.
<0

10

. )
. g x
14.(a) Let f(x)= G-y for x=1,2. s

i Show that f'(x), the derivative of J(x), is given by f(x) = X(4 = 3x) for x#1.2.

(x-D*x-2) !
Sketch the graph of v = f(x) indicating the asymptotes and the tuming points.

2

Using the h, solve th uali o f——
g grap ve cmeq iy —- (x—l)(x 2}

(b) The shaded region shown in the adjoining
figure is of area 385 m?® This region is
obtained by removing four identical rectangles
each of length v metres and width x metres
from a rectangle ABCD of length 5x metres

]

|

' and width 3y metres. Show that y = 1}
{

and that the perimeter P of the shaded
region, measured in metres, is given by

P=1ar+ 3% for r > 0.

i Find the value of x such that P is minimum.

42
SN 2
(@) f(x) D=2) orx #

2
el s >
fien )= {(x-D(x-2)2x-x"(2x-3)

(x-12(x-2)?

_—6x2+4x+3x2 @

(x-1)2(x-2)?

il —for x#1,2. @

T -2 (x-2)? 20
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Horizontal Asymptote: rﬂTm S
' lirg f(x)=—0 and I[im S(x)= o,

4 x).'_"—-w 1
Note that lim f(x)=w and x'_‘)";’+-f( x—2 o

x=—l-

Vertical Asymptotes: x=1,2
4
f(x)=0 < x=0 or x-3-

;<x<2 2<x<w f

) ) ‘!

.- m .- --

L




Th L3 -
ere are two turning points: ((),()) ~local minimum and [g-, - 8) is a local maximum

@ x=00r 2<x<2 @

70

kol LTSS,

(b) Area: (5x)(3y)—4dxy = 385 @
Hxy =385

xy =35

D
y==,
X

Perimeter: P =2(5x+3 Y)+4x+4y
=14x+10y

= I4x+§-ﬁ; L
X

&
)

T o @

..d£<0for QO<x<$5 and fif—>0fm- 5<x

.. Pis minimum when x=3. @

©

50
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de.

. . hence, find f v
partial fractions and x(c+ D

_,._.'-.-——— in
* dx and hence, find the area of the region enclosed

15.(a) (i
(@) (i) Express i

parts, find f xe”

- gnd the straight lines £ = l,x=2and y=0.

(ii) Using integration by

by the curve y=Xe
‘. - -
In(c+X) 4y, Using the substitution x = ¢ tan0,

(#) Let ¢ >0 and ;:f e

0
1 where J = J'ln(:mne) da.

7T

4 = — l‘l('-i'
show that / I

jﬂa-—r)dr, where a is a constant, show that J ..._"]nz‘

Using the formul2 f Sfidr =
0

Deduce that { = é’%mfzcz).
lly L=

IA__E___!_C

=—+
x(x+1)? x xtl (x+1)?

1= A(x+1)? +Bx(x + D+

()]
|=(4+B)x* +QA+B+C)x+4

By comparing coefficients,
x°:1=4

x':0=24+B+C
x>:0=A+B

A=1,B=~land C=-1.
i J'-dx Ix+l : de @

(x+1)

Ix(x-i-l)

@ =lnlxl-lnlx+1l+;:1;1-+6",where C'is an arbitrary constant.
50 I

——
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(i) [ xe dx =—xe™* 4 feax

-X s
=—xe " —p % »
€ " +C", where C* isan arbitrary constant. @

2 _
Required area = I xe > dx @
1

2
=—(x+1)e™* @
1
= "‘_. ~2
2! _3¢72 @ | 35

(b) Let x=ctané.

Then dx = csec? 0d6.

When x=0, =0 and when xnc,6‘=£.
4

&

/3

. ,
Thus, I= j]maHanB) csec’ 940 @

0¢

z-i-c tan> @

inc(l+tan9)
- .csec’ Bd0
-[ clsec’ O @ - e

{mnc+In(l+ tan 6} d0 @

x L
1
nc] _] 1+ta.n9
<
0 0

e
c

ot..—-‘&-lﬁ

]
o |—
e



Confidentiy

Department of Examinations W

==Inc'#
Clnc 0 ¢
iy ©,

= lnc+=J-
“" [35]

= j:{lnz —In(1 + tan8)}d0 @

0

=ln2-£-—J
4

i Jrmi i, @
8

e Znerifm (5D
4c c8

=Z 2Inc+In2}
8c

:E‘Z-;n(zﬁ ¥ @ |
-30
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16. Let mER. Show that the point P=(0,1) does not lie on the straight line | given by y = mx.

Show that the coordinates of any point on the straight line through P perpendicular to [ can be
written in the form (—mt, 141), where ¢ is 4 parameter.

Hence, show that the coordinates of (he point Q, the foot of the perpendicular drawn from P to /.

2
arc given by( L oy
!-t-mz ]+m2

Show that, as m varies, the point O |j ) J b . 2 ey O e il
the locus of Q in the xy-plane. @ lies on the circle S given by ¥ -

Also, show that the point RE(—-?,%) lies on §.

Find the equation of the circle §’ whose centre lies on the x-axis, and touches S externally at the
point R.

Write down the equation of the circle having the same centre as that of §' and touching S
internally.

If the point (0, 1) lics on /. then we must have 1=mx0.ie. 1=0,2 contradiction.

(0, 1) does not lic on i@ @ 10

.1 0

y=mx

N T e
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Case(i): m#0
In this case, the equation of

y-1=-—(x-0)

quation by ¥ ~1=

the line through 7 perpendicular to / is given by

#-r-i- (x —0) =1 (say). @

Then y =1+1 and x =-l where 1 is a patameter.

Let us introduce # into thise

Hence, the coordinates of any point on the line through P perpendicular to

{ can be written in the form (=6, {+ 1), where ! isa parameter.

Case(ii): m=0
line through P perpendicular to [ is the y-axis and
t+1),

In this case, the equation of the

hence, the coordinates of any point on it can be written in the form (0,

where 1 is a parameter.
Thus, the form is true for all real values of m. 30

Let 1, be the valueof ¢ corresponding to ().

Since Q liesonl, 0 +1=m(-mty) @

1
(i 5» andhence Qe_w(—m[.. 1 2)’_ 1 2“) @

1+m 1+m 1+m

1+m? 14+m? @

20
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Ve

3 1
Pux=andy=finet eyt (8

2 .3 i, JOPTS EW.
PPy sty
RV T8 15 4 @
Hence, ﬁ—l— lieson S. @
4 4

15
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[
Let x, be the x — coordinateof thecentre of S".Then

2

e O
=,

16

30

The equation of the required circle touching § internally is

(5]

10
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17. (@ (i) Sho‘m&\
M

(i) In the qQuadrilyge
BAC =6pe, N ABCp

let ACD =

» AB=AD, ABC =80°, CAp = 2¢° and
i USi"g the §;
Sine
Next, using ype Sine Ry e for Wiangle ARC, show that —:—% = 2cos40°.
AC _Sin200 4 gy TOr tigng, ADC, show
A Sing

Deduce that sin(2ge
+a)=
a)~2cos40°sinq,
Hence, shoyw that coge o 2cos 4¢p

Now, using the result i §in2¢° .

R (i) abg

V€. show thay ¢ < 30°.
(b) Solve the €quation cog 4, +

S \\T‘lx = COS2x + sin gy

@ 15

------------------ e men aan

(if) Using the Sine Rule:—4C_ __ 4B

———

sin80°  sin4g°

AC _ 2sin40° cos40° = 2cos40° @
AB sin40°

neRuler_AC___AD_
Again, using the Sine Rule: sin(a +20°) sina

= AD sina
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e
e

Hence, AB=AD= M = 2cos40°. @

sin@

$in(20° + ) = 2sin @ €08 40°

. a
= sin20° cosa +co0s20°sin& = 2sina cos40 @

__________________________________________________________

2c0s40° —c0s20°
() withg =20  — -5 (5)

sin20°
- cota =3 @

—a=30°. (Since 0° <a <90°) 25

(b) cosdx +sindx=cos2x +sin2x

&> sindx —sin2x = cos 2x —cos4x @

&> 2cos3xsinx = 2sin3xsinx

< 2sinx(cos3x —sin3x)=0 @
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<Ssinx=0  or cos3x =sin3x

D
&

<sinx=0 or tan3y= 1 (;.' cos3x # ()

S x=nx for neZ or 3Sx=mr+Z for meZ @
4

- -

e e L ——
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1. A particle P of mass m and a particle @ of mass im move with speeds u and v re-s‘p_éc;t'ivélym
towards cach other along the same straight lin¢ on a smooth horizontal floor. After their impacs.

the particle P moves with speed v and the paniglc Q moves with speed u in opposite directiong,
Show that A=1, and find the coefficient of restitutton between P and Q.

—— -

P 0
u v
)
P 0
v u
- (2)in)

Apply I =A(Myv) — forthe system:

0 = (Amu—mv)—(mu—Amy) @

= 0=A-Du+(A-1)v
=0=(A-)(u+v)

=-A=]. @

Let e be the coefficient of restitution between P and Q. Then, by Newton’s law of restitution:

_’u _’—V
(u+v)=e(u+v) _Altw i
-y u
O

25
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2. A balloon, camying a small uniform ball, starts from rest from a point on the ground at time
£=0 and moves vertically upwards with uniform acceleration f, where f<g. At time =T, the ball
gets gently detache(li from the balloon and moves under gravity. Sketch the velocity—time graph
for the UPWaf-d motion of the ball, from r=0 until the ball reaches its maximum height. Find the
maximum height reached by the ball in terms of T, fand g.

The maximum height =The area of the triangle OAB= %(T+f—TfoT. @ + @
g

=-€T-é—(f+g)
25
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3. In the diagram, PABCD is a light inextensible string attached 1o a particle M#M
of mass m placed on a fixed smooth plane inclined at 30° to the horizontal. D

The string passes over a fixed small smooth pulley at A and under a smooth
pulley of mass 2m. The point D is fixed. PA is along a line of greatest slope,
and AB and CD are vertical. The system is released from rest with the string
taut. Show that the magnitude of the acceleration of the particle is twice the
magnitude of the acceleration of the movable pulley and write down equations

sufficient to determine the tension of the string.

x+2y=constant > ¥+2j=0=2y=-x. @

With f and F asshown in the figure, f =2F. @

_E=mc_:/for 7% T-mgsin30°=mf @

25

F=ma 3 for 2mg: Img—2T =2m F @
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4. Aruck of mass M kg is towing a car of mass m kg, along a straight horizomal road, by means of
a light incxicnsible cable which is parallel to the direction of motion of the truck and the car. The
resistances 10 the motion of the truck and the car are AM newtons and Aim newtons respectively.
where 1(>0) is a constant. At a cerain instant, the power gencrated by the engine of the truck is
P kW and the speed of the truck and the car is vms!. Show that the tension of the cable at that

- tant ¢ 1000mP
nstant 1s m—-—+ par newions,
— fms™
—> vms™ @
Am Mf_
«— | 7 =T T< M > F
Tractive force F = 1000P Voo - (1 @
v
F=ma—>forM: F-AM-T=Mf -c--e-uv---- ) @
F=ma— form:T-Am=mf  -==--cce--- (3) @

Now (1)@ and )= L% _m-T=Mm7
v

1000P
=
v

o 1000mP @

- (M +m)v

_am-T=2T-1m)
m

25
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S. In the usual notation, let —i+2j and 2ai+aj be the position,_yectors of two points A and p
respectively, with respect to a fixed origin O, where @(>0)'is a constant. Using scalar product, shoy

Department of Examinations - Sri lanka

that AOB = Z. .
Let C be the point such that OACB is a rectangle. If the vector OC lies along the y-axis, find the
—_— |

value of a.

Scalar Product: OA-OB = (—i+ 2j)-Qai+aj)

=2a+2a=0

.
.'.AéB=£.@
2
OC = 04+ AC
=04+ 0B
=(-1+2a)i+(2+a)j @
OC lies along the y—axis = (1-2a)=0 @

i
e L&
25
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6. A uniform rod AB of length 2aq and weight W, suspended from a fixed
point O by two light inextensible strings OA and OB, is in equilibrium as

shown in the figure. G is the mid-point of AB. It is given that AOB =7 and
OAB = a. Show that AOG = @, and find the tensions in the two strings.

A

w
Since 40B = 12{, AB is a diameter of the circle through 4, O and B, and G is the centre of it.

S~ AG=0G.

= 406=0iG-a. (5)
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W the u;ual notation, it is given that

7 nts of 2
Let A and B be two €v€ )#_1_. Find P(A) and P(B).

P(AUB)-—. P(A'UB’)—-S- and P(B|A
0, B
Since A’uB'=(AnB)',wehaveP((AnB)) {—-P(ANB)
L (E)
PUNB=1-%F

Now P(B| )=_"7~

1

€ 2
rood) piy=8-3.C5)

4 .

|
Also, P(4U B) = P(4) + P(B) = P(ANB) =2 (B)—5

and the digit 2 is printed on
without replacement. Find the

The digit 1 is printed on four of them

. A bag contains nine cards.
from the bag at random, one at a time,

the rest. Cards are drawn

probability that
igi the first two cards drawn is four,

(i) the sum of the digits on
(ii) the sum of the digits on the first three cards drawn is three.

1/2

<<4
S £

(i) Answer= -x— =— 18
O

(ii) Answer—ix3xg=__l_ @
9 8 7 21
. £l
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Values of six observations are a, 4, b, b, x and ¥, where 4. b, x an
b. What are the modes of these six observations?

integers with a<b.
product of these modes are x and Y

It is given that the sum and the
RSN

of the six observations is % find g and b.

Modes are d and b. @

Itis given that a+b=x and ab=y.

’ i 2a+2b+x+y 7
Since the mean is —, we have 2 == @

S Saa3btab=21 —---nfar =2 ) @

(1) =ab is divisible by3andhence ab>3.

Again, (1)=>a+b<6. @

respectively. If the mean

ek

e ———

Since 1<a<b ,wemust have

g=d GFS @ 25

0. The mean and the variance of the ten numbers X;, X, ---» Xyo are 10 and 9 respectively. It is
given that the mean of the nine numbers which remain after omitting the number x,q is also 10.

Find the variance of these nine numbers.

10

Mean=10 = “=—=10. @
10
10 5
A/ in 10
atfance=9 =5 <T—s10%= . @
T 9:>§x, 1090.

The mean of the first nine numbers =10 = x;, =10. @

)
e Zx? =99(. @
=1
25

. The variance of the first nine numbers = 220 102 =10 @
5 :




the equation gR*
Find R in terms of #, and deduce

the pond.

a and &,

A ship § is sailing due East
km at an angle

the ship is at a
in a straight line path,

to earth, wherc usin@<v<u.
paths, sketch, in the same dia
of the boat re

Show that the angle betwec
-1

(%)

usinf
P |-

Let 7, hours and 7, hou
_ 2lucos@
— v2 <

1.(a) The base of a vertical mw;rad:c;gth “ i;]atgfgﬁnc;nf scm:]:

ircular pond of radits , on horizon™ . pr

sat;:;c :'ls Prg;)ec from the top of the tower with speed # at 4@
an angle = above the horizontal. (See the figure.) The stone nI
4 & 1 I
i hits the horizontal plane
moves frecly under gravity and : o
through C aEv a distance R from . Show that R is given by "‘\T\"-
_#R-u"a=0: Ehr
that if #° > = ga, then the stone will not fa) ;

' into

with uniform speed 4 kmh™, relative to earth. At the instant whe
n

distance {
intending to interce
Assuming that the ship and the boat maintain their speed
gram, the velocity triangles to detcrmine the two possible Spaa:l;d
S

jative to earth.
n the two possible directions of motion of the boat relative to eary
€art

is w—2a, where @ = sin
rs be the times taken by the boat to intcreept the ship along these tw
0

9 South of West from a boat B, the boa

#, . - ¥ c

pt the ship, with uniform speed v kmh—tt r:!‘::‘els
ive

paths. Show that £ +#; =773
u

Apply s=ut +-;—m2 ,

>fromAtoB:  R=wucosZ-t=-2

4 7

T from A to B —a=usin£~t——1-gt2
4 2

(1)and 2) = -a= [ 2R

(2) a—R—'z-g'F

&

= gR* ~u’R-u2a=0
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2 i—ﬁu4 +4uzag @

R= u® +Jut +4agu

@( R>0) @ —

Suppose that 2 > g ga.

i 2 16
ga+‘/——g @ +—-—g2a2 igar+§ga

2% @ 3 =2a, @

Then, R >

= R>2a.

<. The stone will not fall into the pond.

10
(b) ¥(S, E)=—>u @
V(B,E)=v @
ves= X7 @
usin@<v<u
V(B,S)=V(B, E)+V(E,S) @
=V(E, §)+V(B, E)
=PQ+0R
=PR.
p
50

Required angle = R,QR2 @
=z -2a, where Q]%zR, =i @



A usinﬁ@
Siﬂa,’:_Q_—-—____;-—-

OR,

=

(=]

-----------------
.......

P N
W+ =T PR,  PRPR
PR|=PA"'ARI

2

PR2=PA+AR2

=ucosﬁ+m
! 2ucos@ :
-.-tl +12:: uc

u” cos? - (v —u*sin® )

Zuest

112 —v2

(- cos2f+sin? 6 =1)

35




Department of Examinations - Sri lanka Confidential

are parallel, and the line AB

is a line of greatest slope of the face containing it. Also, AB = 2g
B o 3

and BAD =, where 0<“<§-and cosa*-%.The block is A 2

placed with the face containing AD on a smooth horizontal floor.

A light inextensible string of length / (» 2a) passes over a small smooth pulley at B, and has a

particle I” of mass m altached to one ¢nd and another particle Q of the same mass m attached to the

other end. The system is released from rest with the string taut, the particle P held at the mid-point
of AB and the particle ) on BC, as shown in the figure

.

Show that the acceleration of the block relative to the floor is %g and find the acceleration
of P relative to the block.

58

Also, show that the time taken by the particle P to reach A is (174

(b) Two particles A and B, each of mass m are attached to the two-¢nds of a light
inextensible string of length /(> 2a). A particle C of mass 2m is attached to the
mid-point of the string. The string is placed over a fixed smooth sphere of centre O
and radius a with the particle C at the hi ghest point of the sphere, and the particles
A and B hanging freely in a vertical plane through O, as shown in the figure. The
particle C is given a small displacement on the sphere in the same vertical plane, so
that the particle A moves downwards in a straight line path. As long as the particle C is in contact
with the sphere, show that 6% = £ (1 - cos@), where 0 is the angle through which OC has turned.
Show further that the particle C leaves the sphere when 6 = 53”-

(a)

Let a (P,Block) = f/ Then a (Q,Block) = [ <e—
Also, let £(Block, EY=F —»»
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Apply E=ma: Ozsz+m(F_f)+m(F—fcosa)

For the system — 3
P
_o=4F-f-T 5

. et Ll o) b e M )
For the particle Py mgsincz—T=m(f Fcosa) (2)
- e 3 .
For the particle © T=m(f-F) (3) o

3
2 +03) = mgxg-zm(f—FHm(f-—Fxg)

— A4g=Sf-5F+5f-3F

= 4g=10/-8F @

Now (1) = 4g=25F-8F

4
et
= 17%

10
0=r-7 (D .

I .,
Apply s = ut +Eat’ :/

1
Forthe motion of (P,B): a:0+5f!2 @
y 2a 17a
b= — = _
10¢ 5g
z
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(b)

Conservation of Energy:

mg

1 12 AN 2
EX 2mx(af) +2><—2-><mx(a9)' +2mgacos @ — mg(k — a@) — mg(k +ab) =-2mgk + 2mga

= 2a6’ =-2gcosf +2g

-0 =5 (1-cos8).
a

PE 10
KE 10

Equation 5

45

Apply E=ma:

For C \*; R-2mgcos@ = -2m-af?

= R=2mgcosf-2mg(l-cosh)

=2mg(2cosf-1). @

= R decreases as@increases, and R =0when cosB:%. @

C leaves the sphere when 8 = %

25
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| length @ and modulus of elasticity ing i'wn':-rt'.u-:l o e
. DL 18 ¥4 ]L‘d l(} E

i e

e f natura
3. C a light elastic sting O :
)r?c elg g - f;wighl Ja ab00 i e ﬂ()().r and lhc.othcr end is ayyep ted
pat Fm rticle i placcd near @ and projected vertically downwargs dCheg lo
. 1 0 5 = 5 “’Ith "
f the string - satishies the cquation & +'£' (x-2a)=0 ¢q, = Spegy
S_\-< i
3a,

particle of mass /7. The pa

nath © : :
7 harmonic motion.

ga . Show that the le ;
: his simple
on of Encrgy for the downward motion of the partic|
cle ungj) the

and find the centr¢ of t

Principle of Conservali ’
£ (dax ~x%) for asx< 3a.

Using the P
& t x'=
first impact W

— ¢ 2a, express the f

Taking X )
I o be determined.
of the particle just before the first impact with the floor?

is the amplitude t
What is the velocity

cen the particle and the fioor is et

3

The coefficient of restitution betw
{ jmpact, until the string becomes slack, it is given that X2 - 8/(p
[

the particle after the firs
for —a < X < a. where

Show that t
motions described above is
O

[ st
——

Foras<x<3a:
a X

F=ma:

Apply £
Formi;mg—T:m;‘: 3 &
Lme

= ”’g‘fg(X—a)= mi
a

ith the floor, show tha
i i m o2 _ & 42 2
ast equation In the fo X = g—( -X ) for ~sX<q
' h(‘reA

1 y
5,F 9T the upwarg Motion o

o

- x?

B is the amplitude of this new simple harmonic motion to be determ; :
. ) ; .

he total time during which the particle performs downwards and upwards simple hary
10nj¢

sn [a
6 V8
— |

y

3a

The centre is given by ¥=0.i.e. x=2a.
So the centre is at the point C, where C is vertically below O with OC = 20.@

Conservation of Energy : -l-m( a =_l,, e2 1 (x-a)’
3 ga) o mgx+2mg -

ga=i’ _2gr+£(xz -2ax +a?)
a

3 2237‘"512 +2gx

PEE



Department of Examinations - Sri lanka Confidential

22 =& (dax—x?) for agx<3q
a

25

Yex-2a=X =g @

also a<x<3a & —-asX<a.

Let l v be the velocity of the particle just before impact.

Then v = %(4a2 —az) =3ga

.'.v=@.@ 10

\°J) 11 i 1
By Newton’s law of restitution, velocity Lust after impact = \/ga [ e =—] .

x? =%(B2 ~X25

WhenX=a

_8/p2_ 2
ga= A =a’) <D,

:>B=J5a.® 20
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E O
Since -f-t, =£, we have /) =3-‘/;

3

JFu- 2
Since ;z'z:—z—,we have fz—'é' g'

g iy 2 L @

- f] 2 6 g '

two distinct points A and B with respect fo a fixed origin O, not Colline.
d b respectively. Let c=(1-1)a+Ab be the position vector of a poin

fld. (@) The position vectors of
with A and B, are a an

C with respect to O, where Oﬁ-:l.

Express the vectors AC and CB in terms of a, b and 1.

Hence, show that the point C lies on the line segment AB and that AC:CB=1:(] - 2.

Now, suppose that the line OC bisects the angle AOB. Show that |b|(a.c¢)=|aj(b.¢) ap,

hence, find 4.
(b) In the figure, ABCD is a rectangle with AB =1m and BC = /3 m, and CDE is
an equilateral triangle. Forces of magnitude 3, 243, 3, 44/3, P and Q newtons

act along BA, DA, DC, CB, CE and DE respectively, in the directions indicated
by the order of the letters. This system of forces reduces to a couple. Show p c

that P=4 and Q=8, and find the moment of this couple.
Now, the directions of forces acting along BA and DA are reversed, but their. |

-* magnitudes femain the’same. Show that the new system reduces to a single
resultant force of magnitude 2+/37 newtons.

Show further that the distance from A to the point at which the line of action 4
Im

of this resultant force .mects BA produced is z.m.

e wﬁn

14. (a) a=a,5§=Q andC_?E=g

D

A_C'=E+a?=55—a=g—gz(]—)L)g+/1g-—c_z. @

=A(b-a).

&

CB=b-¢c=b-(1-A)a-1b @
=(1-A)(t~a). @ @
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AC-—*_cp
(1-4)

.. Clieson AB and £= A

CB (1-4)°

ie. AC:CB=A:(1-2) @

15

BOC = AOC

a-c=lalic|cosa (5))
D

b-c=|b||¢c|cosa

= |bl(a-¢)=la|(b-c) @

20

=|b|{(1-A)al* +Aa-b}= |al{(l-A)a-b+A|b|’} @

(1-MDlal{lallb|-a-b}=4lb|{|allb|-a-b}
(1-D)lal=1]5]

(*+aand b are distinct and non-collinear.)

15
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E
P
Q
'
D
3
R Y 443 V3m
2 r
5
A ¢ B
1m

Since the system reduces to a couple,

- 3—5+Qc0360°—Pc0560°=0 @
= pP-Q=-4, and @

P —2J3-43+0sin60° + Psin60° =0 @

= P+0=12 @
P=4 and O=8. @

l;l> Moment of the couple = 73Nm [4—5_—_,
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Q P
D > C
3
2\3 1 43 V3im
&
/ ;
A > B
it a
im
- X=5+3+8cos60° —4cos60° =10 @
) Y=2«/§—4«/§+8sin60°+4sin60°=4\/§ @
R=+100 + 48 =237 @ T

Let H be the point at which on BA produced meets the line of action
7)
~6V3+23(1+a)+3(3+4-2)=0

-6a+2+2a+5=0

TCD
a=—m.
4

15
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e e T T and side of length Za” R
‘_-_-_——_‘_-__‘“.

ical block of weight
ugh horizon
length 24
the honzon
h vertical face of
ough the

ock an
for the relevan

15.(a@) A uniform cub
2a is placed on a ro
AB of weight 2W and
hinged to a point on
end £ against a smool
centre. The vertical plane thr
to that vertical face of the bl
in equilibrium. (See the figure
cross-section.) The coefficient of
cubical block and the rough horizonta

that ;42\/3-.

floor. A U

framework consisting of

tal piform rod
has its end A smoothly

tal floor and has the
the cube at its

rod is perpendicular
d the system stays
t vertical
friction between the
| floor is p. Show

a

() The figure shows a
five light rods AB. B
jointed at their ends. AB=a met:;es
metres, and BAD = BDA = BCD = 30°. The
framework is loaded with weights 150N at B
and 300N at D. It is in equilibrium in a vertical
plane supported by two vertical forces P and O

at A and C respectively, so that AB and BC are

horizontal. Show that P=250N.
Draw a stress diagram using Bow's notation and henc

whether they arc tensions or thrusts.

¢. AD, BD and CD freely
and BC=2a

2a

e, find the stresses in all the rods and state

L R AN e s N e

‘F

A X

For the block T
RI + R2 =W

For the block —»
=8
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For AB, A S ) =0
@
||
Uz
(R, +R,)
2~/§W
w
SN G
60

(b)

(s

150x2a+300[2a-—g—]-— P3a=0 @
= P=250N @

10
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O [
100 500 @

50 | 60°

Three joints:

Rod ' Tension Thrust

AB 250V3 N
BC 200V3 N

CD 400N

DA 500V3 N

DB 100V3 N
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16. Show that the centre of magg of a thin uniform wire in the shape of a semi-circular arc of centre C
and radius 4, is at a distance 2@

= from C.

_a , , 0 ) R
PO= 3. where O is the mid-point of both QR and ST. Also, SUT is a
Semicireuar arc of centre O and radius a made up of a thin uniform
wire of mass kp per unit length, where k(>0) is a constant, The rigid -
planc wire frame L shown in the

figure has been made by welding the
ST in the plane of PQR at the points S
and 7. Show that the centre of mass of L is at a distance (....._.._-’fk +4k + 3)2
from P. nk+4 12

semicircular wire SUT to the wire

The wire frame L is in equilibrium with its circular part touching a
smooth vertical wall a

noo _ nd a horizontal ground rough enough to prevent
slipping, and its plane perpendicular to the wall as shown i the adjoining

figure. Mark the forces acting on L and show that & > 4

ol o)

Now, let k= 1. The equilibrium is maintained in the above position

even after a particle of mass m is attached to L at the point P. Show
that m<3pa. g ‘

By symmetry, centre of mass, G lies on C4 and OG=x @

Let p be the mass per unit length.
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b4
2
fapacosﬁdﬂ .
o )
B a
-_ 2 ———— =— |cosfdbf
x.—
Then Am=a(AO)P and zTap ”:&
( : ) 2
&3
2
=Z.sing @
T
%
2

S ! 2a C
Hence the centre of mass 1S at a distance }- from C.

35

[Object ! Mass C\f;rtt::a:)lfdhi;:;:ce from P to thel
PR e 7 a @
4
I i O,
4
/sr 2ap ) a @
2
( SUT nakp @ a, 2a @
2 R
&
|

(4+ zzk)ap@

l Combined Object
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By symmetry,
y sy Iy, centre of mass of 7 [ies on the line joining P and O. @

By the definition of centre of mass

= a
(4ap+makp)x —20p><z+20px§+mkpx(§+

:>(4+7rk)x—|=%+a+”ak+2ak @
2

3;:(m’c+4k+3]g_ @
Tk+4 2

ARG

70

For the wire frame L to be in equilibrium in the given position,

. [ +4k+3\a _a @ /
Le: | === T 7
rk+4 J27 2 /’”".-7 #

e
we must have x; >'2_' @

A R

o mk+4k+3>mk+4.

o= k>l.
4

Let x, be the distance to the new centre of mass from P.

25

v




Department of Examinations - Sri lanka Coﬂfidential
e —

Then [(4ap+f[a p)+m]};=(4ap+zra p) Xy @

a

— r+7
< |(4ap+ma p)+m]x; =(4ap+7d p)[m_J >

. a
< [(4ap+7ra p)+ m]xz =ap(:z‘+7)5

&5 Yo ap(n+7) a @

7 =[(4‘7P+:fra p)+ m] o

1 .
To maintain equilibrium in the above position, we must have x, >> @

ap(?f'i“?) £>£
[(4ap+7map)y+m] 2 2

ie.

S ap(r+T7)>4ap+rapt+m

< m<3ap. @ =
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17.(a) Each of the bags A, B and ¢ i ical i
all respects, except for = - contains only white balls and black balls which are identical in
B containg 2 white baiig our. The bag A contains 4 whitc balls and 2 black balls, the bag
black balls. A bag is Ch‘ and 4 black balls, and the bag C contains m white balls and (m+ 1)
after the other, without ?:CT at random and two balls are drawn from that bag at random, one
o el @ ’ Placement. The probability that the first ball drawn is white and the
all drawn is black, ig 3 Find the value of m
Also, find the babili ;
and the s probability that the bag C was chosen, given that the first ball drawn is white
second ball drawp is black.
(b) The following table o .
: & gives the distributi i
their answers 10 a Statistics qucsti:n'u e S St gl o TR
Marks range | Number of students
0-2 15
A 25
4-6 40
6-8 15
| 8-10 5
Estimate the mean u and the standard deviation o of this distribution.
Also, estimatc the coefficient of skewness x defined by k= M where M is the median
of the distribution. o
(a) Let X = First balldrawn is white and the second ball drawn is black.
By the Law of Total Probability, @

P(X)= P(X | A) P(A)+ P(X | B) P(B)+ P(X |C) P(C). =-==-=====-==- (1)

4 2 4
P(X| )= 2x5 = (10)

2 4 4
cin-2idd @
*x1By=2xs =15 (10
1
PX|C)=—"" m+l_ (m+])

Also,

2m+1) 2m *2(2m+l)

16>

P(4)=P(B)=P(C) =

W | =

: 5
Since P(X)=—
(X) T

(=

5
6

S 4 1 4 1 (m+l) | .
Tl > s el it ———re T
18 15 3 15 .3 2Qm+1) 3 (1)

8 __(m+l)
=% 15 22m+1) @
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s

= 3C2m+1)=5m+1)

= 2 (D

3
m=2=PX|C)=—. @
(X[C) o

By Baye’s Theorem,
_PX10) P(C)

P(C| X) Biv
3 1
_i0s (5D
5
18

NS ‘
25" 20

Marks range 2 Mid point x x? f x Fx°
0-2 15 [ 1 5 15
2-4 25 3 9 75 225
4-6 40 5 25 200 1000
6-8 15 7 49 105 735
8-10 5 9 81 45 405
> f =100 D fx =440 | > fx®=2380
BT
X
NI ENGD
>.f 100
o= 2L " @
27
_ 2380_(44 3 @
100 (10
=v238-1936 (5)

S T e e— A ——
= x
10 - Combined Mathematics (Marking Scheme) / G.C.E. (A/L) Examination - 2017 / Amendments to be included. 29
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